UNCLASSIFIED

AD NUMBER

ADB013005

LIMITATION CHANGES

TO:

Approved for public release; distribution is
unlimted.

FROM:

Distribution authorized to U S. Gov't. agencies
only; Test and Eval uation; DEC 1975. O her
requests shall be referred to Air Force

Avi oni cs Laboratory, AFAL/WRP, Wi ght-Patterson
AFB, OH 45433.

AUTHORITY

afal Itr, 23 mar 1979

THISPAGE ISUNCLASSIFIED




THIS REPGRY HAS BEEN DELYMITED
AND CLEARED FOR PUBLIC RELEASE
UNDER DOD DIRECTIVE 5200.20 AMD
NO RESTRICTIONS ARE IMPOSED UPON
ITS USE AND DISTLOSURE,

DISTRIBUTION STATEMERT A

APPROVEDR FOR PUBLIC RELEASE;
CISTRIBUTION UNLIMITED,

\‘ Ry



7

AFAL-TR-75-21% /

T ﬁwww%

{

|

|

P

{ . ADVANCED RADAR REFLECTOR STUDIES

The ElectroScience Laboratory
The Ohio State University

December 1975

MB013005

x

o >
0.
=[ [
| _ (5
I . o
: C9 L.
z L,':“‘\',py ovciiahls io DDC does P
I u pormit fuiles faei: c
o I TECHNICAL REPORT AFAL-TR-75-219
% I Distribution limited to U.S. Gov't agencies only (test and
: evaluation); statement applied December 1975. Other requests
« for this document must be referred to Air Force Avionics
E I Laboratory (AFAL/WRP), WPAFB 45433,
5§
AIR FORCE AVIONICS LABORATORY
I AIR FORCE WRIGHT AERONAUTICAL LABORATORIES P C
AIR FORCE SYSTEMS COMMAND 200 ]
WRIGHT~PATTERSON AIR FORCE BASE, OHIO 45433 [] n L
: I AUG 23 1976
! 1 GLUUTE
B

e L R IS — B
" S ‘ s S s [ ~
Em&ﬂm-:rnxdm‘mu}}am.umx_&_ﬂ-:».. ST - RRWREES sice R



e o il BT

~
"!
3
%
¥
&
i

U——

.

NOTICE

When Government drawings, specifications, or other data are used
for any purpose cther than in connection with a definitely related
Government procurement operation, the United States Government thereby
incurs no responsibility nor obligation whatsoever; and the fact that
the government may have formulated, furnished, or in any way supplied
the said drawings, specifications, or other data, is not to be regarded
by implication or otherwise as in any manner licensing the holder or any
other person or corporation, or conveying any rights or permission to
manufacture, use, or sell any patented invention that may in any way be
related thereto.

This technical report has been reviewed and is approved for

publication.

ot (PPl Dbl e F Bakiek
VITTAL P. PYATI, Ph.D. WILLIAM F. BAHRET

Program Monitor Actg Chief, Passive ECM Branch

Electronic Warfare Division

FOR THE DIRECTOR

oot .l

H. EDWARD3, Colonel, USAF

Chief, Electronic Warfare Division

STHIGRTION - cmsemnrimsrnm =

................

s -

,...-MW""""'

-

dbiaih sonps s M A E S
AY

JAVAILABLITY CODES
L, wd/o

-

L




UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE (When Dets Entered)

READ INSTRUCTIONS
BEFORE COMPLETING ¥ ORM

(19)REPORT DOCUMENTATION PAGE

2. GOVT ACCESSION MO, 3. RECIPIENT'S CATALOG NUMBER

1. (A4
/% AFAL1TR-75-219 P 1/

4. TITLE (and Subtitls)

5. TYPE OF REPORT & PERIOD COVERED

Final Summary Report
ADVANCED BADAR REFLECTOR_STUDIES.;> 3/ 12/0ie=b/30/03 P ORT UNPER

= » = = e G.
e ///{ ESL—34z1-3 L/
7. AUTHOR(a) . RANT NUMBER(s)

Xg /éarbacz V. /6ab1e R. /&1ck11ff RJ/Ca1decott F33615-72-C71435
J./Buk/T. Lam, K. Demarest, R. Vee v 75 y

9. PERFORMING ORGANIZATION NAME AND ADDRESS ’

The Ohio State University ElectroScience

AREA & WORK UNIT NUMBERS

0. PROGRAM ELEMENT, PROJECT, TASK

Laborateny, Department of Electrical Eng1neer1ng 622 /L
Columbus, Ohie 43212 i 331383 AF-743%

11. CONTROLLING OFFICE NAME AND ADDRESS # 12,

Air Force Avionics Laboratory, Air Force Wright (:: Dec A7 5
Aeronautical Laboratories, Air Force Systems 13NUM PAGES
Command, WPAFB, Ohio 45433

14. MONITORING AGENCY NAME & ADDRESS(/f different from Controlling Oftice) 1S. SECURITY CLASS. (of this report)

Unclassified

SCHEDULE

1Sa. DECLASSIFICATION/ DOWNGRADING

16. DISTRIBUTION STATEMENT (of this Report)

Distribution Timited to U.S. Government agencies only (test and evaluation);
Decemb2r 1975. Other requests for this document must be referred to Air
Force Avionics Laboratory (AFAL/WRP), WPAFB, Ohic 45433,

17. DISTRIBUTION STATEMENT (of the abatract entered in Block 20, I

f’,&rm/ /domww[;_fﬁt L+ /// 72_

3¢@w7¢

—

o v

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverae side il nocessary and identify by block number)

Chaff Extinction
Random arrays Sparse matrix
Dipoles «teration
Scattering

20. ABSTRACT (Continue on reverse side if necessary and Identify by block number)

L% The purpose of this effort was to develop user-oriented computer
programs for the investigation of the electromagnetic scattering and
extinction characteristics of clouds of linear metallic resonant wires
for chaff applications, including the effects of mutual coupling
between wires. Programs based upon Crout-like algorithms working on
matrices generated by the method of moments were developed to ac-

commodate up to 200 wires; sparse matrix and iterative algorithms were

FORM
DD 1 st 73 1473 EDITION OF | NOV 65 IS OBSOLETE

UNCLASSIFIED 4/ pX. B35 |

ARSI e N

AR

i

Ty Qe e SECURITY CLASSIFICATION OF THIS PAGE (When Data Entereds#

¥ 3y N 13 Ev\m (R
[ NS T I T g does nal
4— HBX 13 &3 -V OV e .




UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)

20.

\\\\programmed for larger numbers of wires. A1l prcgrams are documented in
this report.

Data generated during the course of the effort are also presented
in this report, including curves of the reduction (due to coupling) in
average scattering cross section as a function of number density of
chaff elements. - '

IR

o

E

. ,
1 } % ‘r. ;
B &g?
LR ]
R by 4
L “*U :“)
3;’ 1 H\
i 1
A, '.
b ||
v | UNCLASSIFIED :
, [ SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered) |
-‘»2‘" ]

8 g - —~
L S 4
o




= o=

FOREWORD

L‘“‘

This report was prepared and submitted August, 1975 by The Ohio
State University ElectroScience Laboratory, Department of Electrical
Engineering, 2015 Neil Avenue, Columbus, Ohio 43210 under Contract
F33615-72-C-1435, Project-o. 62204F, Task No. 76331333, extending
from April 1972 to June 1975. Dr. V. P. Pyati, AFAL/WRP, was the
Program Monitor.

Li
-
e

L

=l

The authors of this report wish to acknowledge the many
conversations they had with the immediate sponsors, Dr. V. Pyati,
Mr. R. Puskar, and Ms. M. Gauvey, during the entire course of the
contract. They also express thanks to Professor J. Richmond who
showed a lively interest in the work and who helped in many of
its phases.

—

o e




E | | E
‘:v ! P
. REPORTS AND PUBLICATIONS UNDER CONTRACT F 33615-72-C-1435 | E
- K
3401-1 Annual Summary Report, June 1974 ' .
] 3401-2 "Application of Linear Iteration to Electromagnetic i
E ) Scattering by Random Arrays of Wires," V. P. Cable, ;
a August 1975 ’
3 3401-3 Final Summary Report, "Advanced Radar Reflector Studies," I
v R.J. farbacz, V. Cable, R. Wickliff, R. Caldecott, E
g J. Buk, D. Lam, K. Demarest, A. Yee [ 8
]
A Wickliff, R.G. and Garbacz, R.J., "The Average Backscattering ' k.
b Cross Section of Clouds of Randomized Resonant Dipoles," .
5 IEEE Trans. on Antennas and Propagation, Vol. AP-22, No, 3, -
E. pp. 503-505.
; Cable, V.P,, "Application of Linear Iteration to Electromagnetic 3‘ ;
9 Scattering by Random Arrays of Wires," Ph.D. Dissertation, i
. The Ohio State University, August 1975. | |
i
b
éé: AI
i B
-
o
- ' |
¢ . {
i 1]
A |
4 |
s
s |
1
U




I. INTRODUCTION

4 I1. TECHNICAL DISCUSSION AND RESULTS
4 A. The Frozen Chaff Cloud Model
3 | B. Representative Cloud Characteristics
- C. Computer-Generation of Scattering Data
i , (1) Introductory Remarks
1 (2) Direct Methods
3 ! (a) Theoretical Considerations
E | (b) Calculated Results for Chaff Clouds
s ] (3) Sparse Matrix Methods
3 ) (a) Theoretical Considerations
4 (b) Calculated Results for Chaff Clouds
(4) Indirect (Iterative) Methods
(a) Theoretical Considerations
Linear First Degree Methods
(J,G-5,SO0R)
Convergence Criteria
A Physical Interpretation of the
J,G-S, and SOR Methods
Sphere of Influence (SOI) Iteration
(b) Calculated Results for Chaff Clouds
A Check Case
SOR Solutions for Scattering by Large
Clouds of Chaff Elements
SOI Solution for Scattering by Small
Clouds of Chaff Elements
Comments on the Application of SOR,
Surface Patch,and Wire Grid Models
D. The Question of Closer Sjpacings
E. The Question of Mixed Dipole Lengths
F. Additional Experimental Results
(1) Experimental Verification
(2) Extinction Measurements through an
Artificial Chaff Cloud
(3) Scattering from Touching Chaff Elements
G. The Aircraft-Chaff-Tracker
Interaction Problem

ITI. DISCUSSION

IV.  RECOMMENDATIONS FOR FUTURE EFFORT

121
121
148
149
154

154
166

166
174




o e

APPENDIX

APPENDIX

APPENDIX

APPENDIX

APPENDIX
APPENDIX

APPENDIX

REFERENCES

-n

STATISTICAL ANALYSIS EMPLOYED IN THIS REPORT
A, Definitions
B. Statistical Analysis of Backscattering Data

REACTION MATCHING IN ELECTROMAGNETICS PROBLEMS
. Scattering Properties of Obstacles

. Scattering by Perfectly Conducting Bodies
Numerical Solutions

Examples of Bases for Surface Patch

and Wire-Grid Modelling

Chaff Clouds

A Convenient Change in Notation

OO m>X>

m

CLOUD GEOMETRY
A. The Radially Inhomogeneous Cloud
B. The Homogeneous Cloud

FULL MATRIX COMPUTER PROGRAM FOR
MULTIPLE LENGTHS

SPARSE MATRIX COMPUTER PROGRAM

ITERATION COMPUTER PROGRAM (SOR)

A. Far Zone Mutual Impedance Between
Moderate and Distantly Separated
Sinusoidal Dipoles

B. Computer Programs

SPLIT-GATE AND LEADING EDGE TRACKER PERFORMANCE
ON SHORT PULSE ECHOES

A. Introduction

B. Discussion of Tracker Performance
C. Simulation

D. Typical Results

E. Conclusions

179
179
185

196

198
202

205
210
211

214
214
221

223

241

273

273
280

313
313
313
315
317
318

341




LIST OF ILLUSTRATIONS

1 Calculated average backscattering cross
sections for ensembles of clouds containing
N < 30 dipoles with an average spacing
d/x = 2. i4

2 Calculated average backscattering cross
sections for ensembles of clouds containing
N < 30 dipoles with an average spacing
d/x = 1.5. 15

3 Calculated average backscattering cross
sections for ensembles of clouds containing
N < 30 dipoles with an average spacing
d/» = 1.0. 16

4 Calculated average backscattering cross
sections for ensembles of clouds containing
N 30 dipoles with an average spacing
d/ =0.5 M7

' 5 Calculated ensemble averages of the spatial
averages shown in Fig. 1. Straight line 18

- i ) 6 Calculated ensemble averages of the spatial
averages shown in Fig. 2. 19

4
B L 7 Calculated ensemble averages of the spatial
: averages shown in Fig. 3. 20

8 Calculated ensemble averages cf the spatial
averages shown in Fig. 4. . 21

9 Calculated spatial average backscattering cross
sections for ensembles of clouds containing
50 < N < 200 dipoles with an average spacing
d/x = 2. 22

10 Calculated spatial average backscattering cross
sections for ensembles of clouds containing
50 < N < 200 dipoles with an average spacing
d/x» = 0.5. 23

11 Measured and calculated values of the spatial
average cross sections of ersembles of clouds
containing 50 < N < 800 dipoles with average
spacings d/x ~ 0.5-0.6. Bistatic angle 8=0°. 26

vii

s B o R — N —— [ -~ N wusn R by




14

15

16

17

18

19

20

21

22

23

24

25

26

Measured values of the spatial average cross
sections of ensembles of clouds containing
50 < N < 800 dipoles with average spacings
d/x ~ 0.5-0.6. Bistatic angle g=45°.

Measured and calculated values of the spatial
average cross sections of ensembles of clouds
containing 50 < N < 800 dipoles with average

spacings d/x ~ 0.5-0.6. Bistatic angle B=90°.

Measured and calculated values of the spatial
average cross sections of ensembles of clouds
containing 50 < N < 800 dipoles with average
spacings d/A ~ 0.5-0.6. Bistatic angle g=135°.

Average backscatter as a function of frequency
of four random clouds.

The structure of an 11 x 1! matrix and its
auxiliary before renumbering.

The structure of the 11 x 11 renumbered matrix
of Fig. 16 and its auxiliary.

The structure of a 28 x 28 matrix and its
auxiliary.

The structure of the 28 x 28 renumbered matrix
of Fig. 18 and its auxiliary.

Average number of non-zero terms in the upper
triangle of the sparse matrix using 10% rule.

Average number of non-zero terms in the upper
triangle of the sparse matrix using 10% rule.

Radius of "sphere of influence" vs average
dipole spacing.

8-8backscattering patterns as calculated using the
full and sparse matrix, cloud #1, d/A=0.5.

¢-¢ backscattering patterns as calculated using the
full and sparse matrix, cloud #1, d/x=0.5.

0-6 backscattering patterns as calculated using the
full and sparse matrix, cloud #2, d/x=2.0.

¢-¢ backscattering patterns as calculated using the
fuli and sparse matrix, cloud #2, d/r=2.0.

viii

27

28

29

30

33

33

35

36

38

39

43

a4

45

46

47




i

<
4
3
Bl
;.
-
s
t
¥
i
:

it pda i Ty T

Figure

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

6-6 backscattering patterns as calculated

full and sparse matrix, cloud #1, N = 200,

¢-¢ backscattering patterns as calcu’ated

full and sparse matrix, cloud #1, N = 200,

9-¢ backscattering patterns as calculated

full and sparse matrix, cloud #1, N = 200.

6-6 backscattering patterns as calculated
full matrix, cloud #2, N=200, d/r=2.0.

6-6 backscattering patterns as calculated
sparse matrix, cloud #2, N=200, d/A=2.0.

¢-¢ backscattering patterns as calculated
full matrix, cloud #2, N=200, d/1=2.0.

¢-¢ backscattering patterns as calculated
sparse matrix, cloud #2, N=200, d/x=2.0.

6-¢ backscattering patterns as calculated
full matrix, cloud #2, N=200, d/x=2.0.

6-¢ backscattering patterns as calculated
sparse matrix, cloud #2, N=200, d/>=2.0.

6-6 backscattering patterns as calculated
full matrix, cloud #3, N=200, d/x=2.0.

6-6 backscattering patterns as calculated
sparse matrix, cloud #3, N=200, d/x=2.0.

¢-¢ backscattering patterns as calculated
full matrix, cloud #3, N=200, d/2=2.0.

¢-¢ backscattering patterns as calculated
sparse matrix, cloud #3, N=200, d/x=2.0.

6-¢ backscattering patterns as calculated
full matrix, cloud #3, N=200, d/r=2.0.

B-¢ backscattering patterns as calculated
sparse matrix, cloud #3, N=200, d/x=2.0.

using

using

using

using

using

using

using

using

using

using

using

using

using

using

using

Spatial average backscatter from ten different

clouds using full and sparse matrices.

the

the

the

the

the

the

the

the

the

the

the

the

the

the

the

Cumulative probability function of backscattering

cross section, cloud #1.

1x

Page

48

49

50

51

52

53

54

55

56

58

59

60

61

62

63

64

i

AT e i R i e et




Figure

44

45

46

47

48

49

50

51

52

53

54

55

Cumulative probability function of backscattering
cross sectinn, cloud #2.

Cumulative probability function of backscattering
cross section, cloud #3.

Time saving and element error vs sphere of
influence radius using sphere of influence
model plus 10% ruie over the 10% rule alone.

Time saving vs number of dipoles using sphere of
influence model plus 10% rule over the 10%
rule alone.

Sample random array for Jacobi ancd Gauss-Seidel
iteration method.

Sample random array for Sphere of Influence
iteration method.

A planar array of resonant wires used as
a check case.

Broadside backscatter an? gomparison of
convergence norms (I), e and (1V)
versus iteration k for the periodic
array of Fig. 50 using SOR with w = 0.4,

SDecu}ar bistatic cross section (8= 60°)
and e(K) versus iteration k for periodic
array of Fig. 50 using SOR with w = 0.4.

Specu}as bistatic cross section (8 = 120°)
and e versus iteration k for periodic
array of Fig. 50 using SOR with w = 0.4

Backscatter cross ?egtion and convergence
norms (I), (II), e(k) and (1Y) versus
iteration k for 199 dipole random array
using SOR with w = 0.6

Backscatter cross section and e(k) versus

iteration k for 500 dipole random array (8 dip/A )

using SOR with w = 0.4 and w = 0.5.

87

89

90

91

92

95

96




56

5

58

59

L4 60

61

62

63

64

65

Figure

66

Page

Bistatic cross section pattern for 500
dipole random array for k=10, 29 and 36
using SOR with «=0.4 97

Backscatter cro?s section and convergence

norms (I) and e{k) versus iteration k for

1000 dipcle random array #1 (89=90°, ¢$09=0°)

using SOR with «=0.4. 100

Bistatic cross section pattern for 1000
dipole random array #1 (8,=90°,6 5=0°)
at k=5, 15 and 29 using SOR with «=0.4, 101

Backscatter cross section and e(k) versus
iteration k for 1000 dipole random array
#1 (00=90°, ¢0=10°) using SOR with

w = 0.4, 102
Bistatic cross section pattern for 1000

dipole random array #1 {60=90°), ¢0=10°)

at k = 6,15,30 and 42 using SOR with ¢=0.4, 103

Backscatter cross section and e(k) versus
iteration k for 1000 dipole random array
#1 (80=90°, ¢0=20°) using SOk with w=0.4. 104

Bistatic cross section pattern for 1000
dipole random array #1 (80=90°, ¢¢=20°)
at k = 15, 25 and 35 using SOR with 4=0.4. 105

Backscatter cross section and e(k) versus
iteration k for 1000 dipole random array
A (09=90°, ¢0=30°) using SOR with w=0.4, 106

Bistatic cross section pattern for 1000
dipole random array #1 (8,=90°, ¢0=30°)
at k = 15, 30 and 41 using SOR with w=0.4. 107

Backsca*ter r?ss section and vonvergence

norms (1), e\k) and (Iv) versus iteration k

for 1000 dipole random array #1 (80=90°, ¢o=40°)

using SOR with w=0.4. 108

Bistatic cross section pattern for 1000
dipole random array #1 (09=90°, ¢¢=40°)
at k = 25, 35 and 45 using SOR with w =0.4, 109




67

68

69

70

71

72

73

74

75

76

77

78

(k)

Backscatter cross section and € versus
iteration k for 100 dipole random array
#2 (60=90°, $0=0°) using SOR with

w = 0.25, 0.3, 0.35 and 0.4,

Bistatic cross section pattern for 1000
dipole random array #2 (89=90°,¢ ¢=0°)
at k = 15, 30, 45 and 61 using SOR with
w = 0.3 and 0.25.

Backscatter cross section and e(k) versus
iteration k for 100 dipole random array
#2 (00=90°, ¢0=10°) using SOR with

w= 0.2, 0.25 and 0.3.

Bistatic cross section pattern for 1000
dipole random array #2 (69=90°, ¢0=10°)
at k = 20, 30 and 36 using SOR with w= 0.2.

Backscatter, total and average bistatic
cross sections versus iteration k for
random array #1 (Fig. 57).

Backscatter, total and average bistatic
cross sections versus iteration k for
random array #1 (Fig. 59).

Backscatter, total and average bistatic
cross sections versus iteration k for
random array #2 (Fig. 69).

Backscatter cross section and e(k) versus
iteration k for 100 dipole random array

using SOI with ¢ = 0.2 (M=14) and c = 0.1 (M=44).

Backscatter cross section and e(k) versus
iteration k for 100 dipole random array using
SOR with w = 0.7, 0.6 and 0.5.

8-6 backscattering pattern, N=50 dipoles, P=2
segments, d/x=0.25, 12-point integration.

8-6 backscattering pattern, N=50 dipoles, P=2
segments, d/A=0.25, exact integration.

8-6 backscattering pattern, N=50 dipoles, P=4
segments, d/x=0.25, exact integration.

xid

110

m

113

114

115

116

119

125

126

127

T T AW Ty

+'r.:""" -

o=

P Sa——,
[




Figure

79

80

al

82

83

84

85

86

87

88

89

90

91

92

93

94

¢-¢ backscattering pattern, N=50 dipoles, P=2
segments, d/A=0.25, 12 point integration.

¢-¢ backscattering pattern, N=50 dipoles, P=2
segments, d/x=0.25, exact integration.

¢-¢ backscattering pattern, N=50 dipoles, P=4
segments, d/A=0.25, exact integration.

8-¢ backscattering pattern, N=50 dipoles, P=2
segments, d/A=0.25, 12 point integration.

-4 backscattering pattern, N=50 dipoles, P=2
segments, d/1=0.25, exact integration.

6-¢ backscattering pattern, N=50 dipoles, P=4
segments, d/r=0.25, exact integration.

-6 backscattering pattern, N=50 dipoles, p=2
segments, d/x=0.125, 12 point integration.

-0 backscattering pattern, N=50 dipoles, P=2
segments, d/r=0.125, exact integration,

-0 backscattering pattern, N=50 dipoles, P=4
segments, d/x=0.125, exact jntegration.

¢-¢ backscattering pattern, N=50 dipoles, P=2
segments, d/r=0.125, 12 point integration,

¢-¢ backscattering pattern, N=50 dipoles, P=2
segments, d/x=0.125, exact integration.

¢ ¢ backscattering pattern, N=50 dipoles, P=4
segments, d/x=0.125, exact integration.

8-¢ backscattering pattern, N=50 dipoles, P=2
segments, d/x=0.125, 12 point integration.

6-¢ backscattering pattern, N=50 dipoles, P=2
segments, d/x=0.125, exact integration.

6-¢ backscattering pattern, N=50 dipoles, P=4
segments, d/x=0.125, exact integration.

Histogram of the center-to-center distances of

random two-dipole clouds. Average spacing
d/x ~ 1/43.

Xiii

Page

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143




96

57

98

99

100

101

102

103

104

105

Histograins of the spatially averaged radar
cross sections of the clouds generated for
Fig. 94.

Histograms of the radar cross sections’
(single aspect of the clouds generated
for Fig. 94.

Histograms of the center-to-center distance
of random two-dipole clouds.

Histograms of the spatially averaged
radar cross sections of the clouds
generated for Fig. 97.

Average cross section of .andom two-dipole
clouds as a function of average center-to-
center spacing between dipoles.

Calculated average backscattering cross
sections for ensembles of clouds containing
equal numbers of two wire lengths, %71/ =0.495,
22/ =0.703, with average spacing d/x=4.0.

Calculated average backscattering cross
sections for ensembles of clouds containing
equal numbers of two wire lengths, 27/ =0.,495,
29/ =0.703, with average spacing d/3=1.0.

Calculated average backscattering cross
sections for ensembles of clouds containing
equal numbers of two wire lengths, 21/ =0.495,
22/ =0.703, with average spacing d/x=0.5.

Calculated average backscattering cross
sections for ensembles of clouds containing
equal numbers of two wire lengths, 27/ =0.495,
22/ =0.703, with average spacing d/x=0.25.

A typical styrofoam 2" cube, dipole, and jig for

accurately inserting the dipole.

Styrofoam cubes in styrofoam box for creating
a cloud of dipoles.

144

145

146

147

148

150

151

152

153

155

156

w.,
N 3
g T e mba s A w

~——r i i e
i i i




—
—.

i

=3

o) g

B TpTR T7 TE T S ey

Figure

106

107

108

109

110

11

112

113

114

115

116

117

118

Measured and calculated E-plane backscattering
cross-section patterns for a 3 x 3 x 3 array
of 27 parallel dipoles spaced about 0.53x apart.

Measured and calculated E-plane backscattering
cross-section patterns for a 5 x 5 x 5 array
of 125 parallel resonant dipoles spaced about
0.53x apart.

Measured and calculated E-plane backscattering
cross-section patterns for a cloud of 27 dipoles
randomly oriented in styrofoam cubes. Average
dipole spacing was 0.53).

Measv.ed insertion loss of same-sense and
cross-sense polarizations for 1000 resonant
dipoles encapsulated in 2.38" foam spheres.

Measured insertion loss of same-sense and
cross-sense polarizations for 1000 resonant
dipoles encapsulated in 2" foam spheres.

Measured insertion loss of same-sense and
cross-sense polarizations for ~3200 resonant
dipoles encapsulated in 1-1/2" foam spheres.

Measured insertion loss of same-sense and
cross-sense polarizations for ~7200 resonant
dipoles encapsulated in 1" foam spheres.

Radar cross section vs 360° of rotation of
1.5 cm A2 chaff on 4" foam sphere.

Radar cross section vs 360° of rotation of
1.5 ¢cm A% chaff on 4" foam sphere.

Radar cross section vs 360° of rotation of
1.5 cm Ag chaff on 4" foam sphere,

Radar cross section vs 360° of rotation of
1.5 c¢cm AL chaff on 4" foam sphere.

Radar cross section vs 360° of rotation of
1.75 c¢m glass chaff on 4" foam sphere.

Radar cross section vs 360° of rotation of
1.75 cm glass A chaff on 4" foam sphere.

Page

157

158

159

161

162

163

164

168

169

170

171

172

173




Figure

119

I-1

I-2

I-4

[-5

I-7

I1-3
I1-4

I1-5

Page

The decrease in ave:rage backscattering cross section
due to coupling for a range of average dipole
spacings (Gaussian density distribution assumed). 175

Sketches of the exponential probability density
function and corresponding cumulative probability
function for the backscattering cross section

of a chaff cloud. 180

Sketches of a histogram and associated Gaussian
probability distribution of spatial average
cross sections of frozen chaff clouds. 182

Sketch of a typical spatial frequency spectrum
of a frozen chaff ¢'oud. 185

The highest spatial frequency Wp in the
spectrum of a frozen chaff cloud, as function
of N and d/a. 186

The histogram and associated Gaussian

probability distribution of the spatial

averages of 80 frozen chaff clouds containing

30 dipoles each. 188

Ensemble average backscatter <o> over 80
frozen chaff clouds with average spacing
d/x = 2. 194

Ensemble average backscatter <o> over 80
frozen chaff clouds with average spacing

d/» = 0.5. 195
Scattering cross-section configurations. 197
Arbitrary metallic scatterer in presence

of primary sources. 199
Equivalent problem. 200

Subsectionalization of S and S' and convenient
surface coordinate system (£,z). 204

Examples of subsectional basis functions
for surface scatterer. 206




Figure

I1-6

Mode structure for computing backscatter
cross section from thin square flat plate
(perfect conductor) using overlapping cosine
mode.

Nonoverlapping dipole segments and
overlapping dipole segments.

Equivalence of reactions between colinear
axial test source and tubular surface current
and equivalent parallel filamentaly cases.

Sample mode structure on wire-grid model of
conducting surface.

a) Thin cylindrical wires. b) Approximate
filementary model using piecewise sinusoidal
expansions ¢, on surface and ¢, on axis.

Bistatic scatter cross section for 100 dipole
array (8 dip/»3) comparing exact and far zone
A matrix calculations.

Bistatic scattsr cross section for 100 dipole
array (8 dip/A3) comparing full (exact) A
matrix and sparse A matrix using 10%

sparsing rule.

Sinusoidal dipoles and far zone approximations.

An extended target echo.

A differential target echo.

v = 140 m/s. Leading edge tracker.
v = 180 m/s. Leading edge tracker,
v = 220 m/s. Leading edge tracker,

v= 260 m/s. Leading edge tracker.

v= 300 m/s. Leading edge tracker.

v= 100 m/s. STlit-gate tracker.

Page

207

208

209

210

212

274

276
277
313
314
320
321
322
323
324
325

i B e e R




Figure

G-9

G-10
G-11
G-12
G-13
G-14
G-15

180 m/s.
200 m/s.
200 m/s.
260 m/s.
340 m/s.
380 m/s.
410 m/s.

Slit-gate tracker.
Stit-gate tracker.
Slit-gate tracker.
Slit-gate tracker.
Slit-gate tracker,
Slit-gate tracker.

Slit-gate tracker.

xviii

Page

326
327
328
329
330
331
332




L SRR T4 S i B 2 g T

SR LR AR s s

1
(1 LIST OF TABLES
- Table Page
I Percent Error in Bistatic Averages
. Caused by Setting Mutual Impedances
1 Below (0.1) (Z]]g to Zero 31
:f L 2 Number on Non-zero Terms in Upper Triangle 40
:; ) 3 % of Non-zero Terms in Sparse Matrix
Upper Triangle 40
4 m, the Number of elements in a “Sphere
of Influence" 40
4 5 Clock Times of Three Parts of Spare
F Matrix Routine 70
¥ v:,.,_"
£ 6 Convergence Norm Definitions 93
7 124
8 Experimentally Determined Extinction Rates 165
I Highest Spectral Frequencies 191
II Spatial Averages of 80 Clouds 192
II1 The Data of Table II Classified into
Relative Frequencies of Occurrence 193
IV~ Cumulative Probability Values 193
VI-1 Data Comparison for Different Mutual Impedance
Calculations for 100 Dipole Array 275
XiX




B

om(e) or a(e)

<g_> Or <g>
m

<g > <g>
%n or <o

n 175 °F %1/5
°n 172 °" °1/2
7 m 4/5 °F %5
; /5
2
%5
Pr(oy) or plo)
P (o) or P()

q1/5(°]/5)

LIST OF SYMBOLS

number of dipoles in a cloud, Gaussianly distributed
in the radial direction

standard deviation of the Gaussian dipd]e distribution
average spacing between dipoles

number of clouds in an ensemble of clouds

wavelength

bistatic angle

backscattering cross section of mth cloud as a
function of angle 6 around great circle cut

spatial average or mean value of op(6) over 360° of
the angle o

ensemble average of <op> values over ? <m< M
clouds forming an ensemble

first quintile of %
median of I

fourth quintile of m
ensemble average of om 1/5

ensemble average of m 1/2

ensemble average of o4/5

probability density function of m

cumulative probability function of %

standard deviation of T

(Gaussian) probability density function of tnhe mean, <g>

standard deviation of <o¢>

(Gaussian) probability density function of the first
QUinti]e U]/s

XX

! < s L
o e Al SR b i el v g

|

oy
DR |




A

[P

Bomond

=9

= Fr4 BN

I e N =

g 6 S e e N N

S1/5
4y ,5(07,2)-

5172
Ay5(04/5)=

S4/5
Fm(w) -

Z=A =

I=x -

- standard deviation of 01/5

(Gaussian) probability density function of the
median 01/2

- standard deviation of °1/2

(Gaussian) probability density function of the
fourth quintile %4/5

standard deviation of 0172

spatial frequency spectrum of O

highest spatial frequency of Fm(m)

average of wm for all M clouds in an ensemble

average highest spatiel frequency as calculated
using a two-dipole interference model

impedance matrix of cloud

vector of dipole currents

plane wave excitation voltage vector
iteration or error reducing matrix

iteration or error reducing matrix for Jacobi

iteration or error reducing matri> for Gauss-Seidel

iteration or error reducing matrix for successive

overrelaxation
relaxation factor

convergence norm

Other symbols are defined in context as necessary.

Xx1i




,___-.
S

ji

I. INTRODUCTION

Since World War II, chaff, which is a code name for a col-
lection of thousands of linear resonant dipoles, has been used as
an effective passive ECM against pertinent threat radar systems,
One generally recognizes at least two significant roles for chaff;
first, self-protection as in the case of aircraft against fire con-
trol radars, and second, in situations where initially sown dipole
corridors saturate radar receivers and the corridors are subse-
quently utilized as penetration aids. Heretofore, the echoing
area or the radar cross section of a chaff cloud has been calcu-
lated by multiplying the number of dipoles by the so-called "tumble
average radar cross-section" of a single dipole. Estimates based
on this simple model have been poor. Experimental measurements
are between 2-50% of the theoretical value, depending upon the
situation. Furthermore, once certain dipole densities have been
reached doubling or even quadrupling the number of dipoles show
very little increase in echo area. The significance of these dis-
crepancies 1s that the simple tumble average modal is not satis-
factory and it is high tiwe one undertakes a more realistic study
of the electromaanetic scatterina and attenuation properties of
chaff clouds. To fulfill the requirements, the ElectroScience
Laboratory under sponsorship of the Air Force Avionics Laboratory
has undertaken a comprehensive study of the electromagnetic behavior
of chaff clouds. The effort has been conveniently divided into three
phases of increasing complexity. These are

s © . e mm s dm—

1. Scattering behavior of single length, i.e., one
frequency, dipoles with moderate mutual coupling
between the elements.

2. Same as above but wit: ¢lost eoupling, even touching,

3. Clouds of different dipzle lengths, i.e., multiple
frequency clouds

The work performed under this contract emphasized (1), with some
effort devoted to (2) and (3).

The scattering and extinction behavior of large ensembles of
particles has long been a subject of study in such diverse dis-
ciplines as acoustics, quantum mechanics and electromagnetics [1].
Most work is based upon certain assumptions which make the problem
analytically tractable, such as very small particle size, large
spacing, no coupling or forward-neighbor coupling only, etc, In
their domains of validity, mathematical models based on such
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assumptions have indeed been useful in treating particulate media.

In the case of a chaff cloud, however, two features complicate the

problem: the particles are linear dipoles of lengths A/2 (resonant)

or greater and therefore cannot be considered sinall; and during the

3 [ early history of the cloud, before it fully blooms, these dipoles

3 are closely spaced and strongly coupled electromagnetically.

3 Furthermore, blooming implies non-stationary cloud statistics, and

1 packaging configuration, dispensing technique and atmospheric con-

‘ ditions all influence the electromagnetic behavior of the cloud in

- time. These and many other problems face the investigator who
wishes to answer such questions as, "How many dipoles is optimum
for a cloud in a given tactical situation.” "Is there a par-

i ticular shape or density or density distribution of a cloud that

is preferred?" "What are the expected scintillation rates?" "Can

.. one make a cloud bloom faster electromagnetically?" These

¥ questions cannot be answered until we understand how a medium

; composed of many strongly resonant scatterers, which may be

closely coupled, interacts with a radar wave, that is, until we

can answer the basic question, "How does a chaff cloud scatter?”

Mary attempts have been made in the past to answer the above
question, usually to obtain the spatial average backscatter at
resonance for a cloud of dipoles "frozen" in time [2,3]. Ex-
tensions were made to include nonrescnant dipoles and dipoles
with preferred orientations [4] as well as the dynamics of the
dipoles [5,6,7,8]. In all instances, however, the effects of
coupling among elements were not included in the analysis due to
ensuing computational difficulties. Only recently has it become
possible to account for coupling, at least on a limited basis, by
use of large digital computer techniques [9,10,11]. Although we
shall never be able (or ever wish) to account for all inter-
actions among the millions of dipoles in a typical chaff cloud,
the present capability of handling 250 resonant dipoles gives
hope of accounting for sufficient numbers of interactions to ob-
: tain an accurate statistical description of the behavior of any
B cloud.

¥

The purpose of our work was to bring the computer to bear on
the chaff cloud problem in order to investigate the limits of
simplifying approximations, to support, refine, or replace simple
models, to obtain and interpret statistical data, and, basically,
to better understand the scattering mechanism. This final report
describes resuits developed over the three year time span of the
contract. Because the effort extended over such a long period,
many of the earlier methods for generating scattering data were
superceded by improved methods, but the results still remain valid
and valuable for the inferences that can be made from them. Thus,
many of these early results, reported in Reference 12, are pre-
sented here as well to provide a complete and integrated overview
of the effort.




ke 2~ The main chapter of this repori, entitled, Technical Discussion
3 ] and Results, is divided into several sections. In Section A we

3 i {1 discuss the concept of a frozen cloud as a useful chaff model in

3 the absence of realistic Lime varying data; in Section B (and

< Appendix A) are discussed the statistical quantities we have used

F ¢ j to describe the radar cross section of a chaff cloud. Section C is
b
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a lengthy one which itself is divided into several parts: Introductory
Remarks, which is intended to provide a very brief and general dis-
cussion of the method of moments (more details appear in Appendix B)
by which the integral equation describing the electromagnetic chaff
interacticn problem is reduced to a set of simultaneous algebraic
(matrix) equations suitable for processing by digital computer;
Direct Methods, which describes the most commonly applied techniques
for solving the above-mentioned matrix equations, such as the method
of Crout; Sparse Matrix Methods, which describes special algorithms
which are useful if the matrix is large and is sparse, i.e., has
many zeros in it; i.,e., weak coupling between chaff elements, and
Indirect, or Iterative, Methods, which appear to be useful for large
matrices, i.e., large numbers of chaff elements, without the as-
sumpticn of sparsity. Typical resuits, as derived by each method,
are presented in appropriate sections, together with a discussion
and conclusions inferred from those results. In some instances

F verifying experimental data are also given to support the com-

LJ putations. Computer programs used to generate the results, either
by the direct, sparse or iterative methods, are documented in Ap-
pendices D, E and F, respectively.
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= The primary emphasis during the contract was the irvestigation

A of clouds of resonant (half-wave) dipoles which were nut "too

b i closely" spaced. Some effort was expended to better define what

g "too closely" means in terms of the computer models used in our

work, and this is discussed in Section D of Chapter II, Section

( E is addressed to chaff clouds containing multi-length elementc

j for purposes of broadbanding the chaff echo to meet threats over

; a range of frequencies. Section F is devoted to experimental

resuits. Although the bulk effort was primarily computational,

some experimental data were recorded to verify the computed

4 results and to observe certain scattering and extinction behaviors
of moving dipoles in numbers much greater than can be handled by 4

L computer (~8000). These and other experimental efforts are reported -

it in this section. 1
Section G of Chapter II is on a topic somewhat divorced from ;
:] that of chaff cloud scattering characteristics. In it we present

an initial effort to investigate the aircraft-chaff cloud-tracking

. missile intercept problem. Many of the parameters of this problem 4

.! are unknown, such as location and motion of scattering centers k.

from a particular aircraft as a function of its maneuvers, the ;
precise aerodynamic and electromagnetic behavior of chaff clouds 4

] spawned by the aircraft, and the range and tracking behavior of K




the missile radars under such complex returns. Although these }
quantities were assumed in this study, it is anticipated that the 1
approaches suggested here will become very useful for computerized !}5
simulation studies when more accurate input data become available 3
through diverse research programs. More detail is given in Appendix G.

Chapter 111 concludes the body of the report with an overall
discussion of our findings and suggestions for future effort.

Six appendixes were already alluded to. One additional appendix (C) 'f 4
describes the Gaussianly distributed density of dipoles employed
throughout most of the contract. In the late stages of our work
uniformly dense ~{ouds were preferred and their generation is '
briefly described as well. /
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I1. TECHNICAL DISCUSSION AND RESULTS
A. The Frozen Chaff Cloud Model

It is appropriate to discuss the first fundamental assumption
upon which all our work, be it by computer or by laboratory experi-
ment, rests. This is the assumption of the "frozen" chaff cloud
model .

Scattering by a real chaff cloud is a stochastic process in
the independent variable, time. At any given instant not only
do we find the dipoles randomly positioned and oriented, but over
a short interval of time they move and give rise to random fluc-
tuations in the cross section (be it monostatic, bistatic, or
foreward). Moreover, with the passage of time, the cloud evolves
from a dense to a tenuous conglomerate of dipoles so that, viewed
over a long interval, the stochastic scattering process appears
nonstationary, i.e., its statistics change with time.

In order to approximate the lower order statistics associated
with a certain instant of time, one might consider an ensemble of
similarly evolving clouds and take averages over this ensemble at
the time of interest. This viewpoint leads us to the so called
ensemble model, in which time is stopped at regular intervals, a
"snapshot" taken of each cloud in the ensemble of clouds, and the
ensemble average of backscatter calculated for each time sample.
As time progresses and the cloud blooms, we assume the ensemble
averages from each successive set of "snapshots" change and
faithfully characterize the time average's behavior of a random
cloud in evolution.

The generation of a large ensemble of ciouds and the com-
putation of ensemble average backscatter, for exampie, as the
clouds evolve in time is an expensive process, especially if the
clouds contain many dipoles. Thus there arises the proposition,
instead of generating many different clouds (requiring the cal-
culation of mutual impedances among dipoles for each new cloud)
to form an ensemble over which to average, can we more efficiently
obtain an equivalent ensemble average by viewing the same cloud
(requiring the calculation of mutual impedances among dipoles
only once? at many different aspects, then spatially averaging the
back scattering cross section over all these aspect angles? As
will be seen, the answer appears to be a qualified affirmative in
that the spatial average backscattering cross sections for similar
(i.e., same number of dipoles with same average spacing) but dif-
ferent clouds do differ in general, so that it is not sufficient
to spatially average only gpe cloud return and accept that as a
good equivalent ensemble average. One must generate an ensemble
of clouds, obtain a spatial average backscattering cross section
for each and then obtain an ensemble average of these spatial
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averages. The point being that this latter ensemble is smaller
than the former, thereby demanding fewer calculations of mutual
impedances, etc. with resulting enhanced efficiency of computation
(at least for large clouds). In all our work we obtain ensemble
averages using this modified ensemble model, which we call the
frozen model.
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Going one step further in the search for computational ef- }
ficiency, there arises the proposition, can we illuminate one or ]
a few similar clouds from gne aspect (requiring the calculation of "{
induced currents only once for each cloud generated) and average
the bistatic scattering cross section over a range of bistatic
angles and expect this average to be simply related to the
ensemble average of backscattering cross section? Or further,
can one relate the average of total scattering cross section to
the ensemble average of baciscattering cross section? The )4 3
answer to ooth these propositions appears to be negative, or at 14
least the relationships are not clear to us from the data we ;
have generated.

B, Representative Cloud Characteristics

In the previous section, we discussed the frozen model of a £
chaff cloud as a substitute for the more complex time-varying X
model, under the assumption that the scattering characteristics -
derived from each model agree. The characteristics which we have
in mind are, of course, statistical in nature and should be dis~
cussed more fully so that the reader understands the results
presented later. , {

Viewed in time, the monostatic or bistatic echo from a cloud
consists of an average return plus a scintillation term, The "
average is expected to change as the cloud blooms - a symptom of ;i
non-stationarity - but if its rate of change is slow with respect
to the scintillation rate, the scattering process might be con-
sidered stationary over small time intervals. With each such j
time interval, therefore, are associated a mean value, i.e., the
time average radar cross section, a variance, i.e., the mean square :
of the time-varying component of the radar cross section, and a 1
frequency spectrum of the cross section. The totality of all such J
sets of quantities taken during selected time intervals constitute
a partial statistical description of the cloud behavior. ‘

By assuming a frozen model, appropriate to one of the above- L
mentioned intervals of time (i.e., with average dipole spacing E
appropriate to the time interval in the evolution of a blooming 12;
c]oudg. we substitute viewing angle for time as the independent ;j

variable and obtain a spatial average radar cross section. As
mentioned earlier, it turns out that this spatial average radar
cross section differs from cloud-to-cloud, so in the frozen cloud
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model we assume an ensemble of clouds and obtain a distribution of
spatial average radar cross sections. The ensemble average of this
distribution of spatial averages is assumed to be equivalent to
the time average radar cross section for the time interval of
interest. From this distribution we also obtain a variance of the
spatial average, a quantity which has no obvious meaning in the
time-averaging process, but is useful for estimating a confidence
level for the ensemble average cross section obtained from the
frozen model. It may be that the variance of the spatial average
is simply related to the variance of the random time process,

but at present we have no supporting evidence since no time-
varying clouds have been generated.

The frequency spectrum of the frozen model is not expected
to equal that of the time-varying cloud; it is useful, however,
for estimating the minimum number of aspect angles at which to view

~ the clouds in the frozen model, since a number smaller than this

causes obvious aliasing of the spectrum.

A more quantitative discussion of the statistical notions and
notation employed in later sections of this report are presented in
Appendix A.

C. Computer-Generation of Scattering Data

1. Introductory Remarks

The second fundamental assumption underlying this work is that
the generation of volumes of scattering data necessary for a
statistical study of frozen models ultimately is more efficient,
convenient and inexpensive by means of a computer than by laboratory
experiment. Experimental data were considered essential to the
contract, but primarily as verification of corresponding computed
data. We leave discussion of the experimental aspects to a later
section and here elaborate on the computer-generation of scattering
data.

The computer-solution of scattering by a cloud of coupled
resonant dipoles is based on the reaction matching technique of
Richmond [9]. This is a moment method of the Galerkin type, i.e.,
in which the testing functions and basis functions are identical.
It assumes that each dipole is divided into P segments (P = 2 has
been found to be satisfactory for the configurations discussed in
this report), and a piecewise sinusoidal current of unknown ampli-
tude and phase is assumed to flow on each segment. The coupling
(i.e., mutual impedance) between each such segment of current and
any other segment (or itself) can be expressed in the form of a
reaction integral (i.e., an inner product integral) from which
the method takes its name. The significant fact which makes the
reaction matching technique particularly attractive is that all

V
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these reaction integrals may be evaluated in closed form, thereby
permitting the rapid determination of all the elements of a N x N
impedance matrix EZ] (representing all self-and-mutual impedances
among the M'dipoles in a cloud) whose inversion yields the desired
dipole currents (1) induced by a plane wave (E) incident from

any angle. This technique is well established and has been used

to obtain scattering data for many wire obstacles. A more detailed
description of the reaction matching technique is given in Appendix
B.

With the assurance that the computer-generated scattering data
are within the tolerance of experimental data, we turn our attention
to the simulation of chaff clouds by the frozen model. Early in
the program the N dipoles in a typical cloud were assumed to be
resonant in free space, randomly oriented according to & spherical
probability density function (i.e., all orientations equally likely)
and randomly located according to a Gaussian radial density with
average spacing d/x between dipoles. This average spacing was
obtained by considering 76% of the N dipoles to be located within
a sphere of radius 2.056, where § is the standard deviation of the
aforementioned Gaussian radial distribution. The volume of this
sphere is equated to the volume of a cube which itself is sub-
divided iito 0.76N equal cubes, each of which is size d/Ax on an
edge an? §S considered to contain one dipole, yielding d/) =
3.62 N1/ 8/ X\, Appendix C contains the details of this in-
homogeneous cloud generation.

The aforegoing choice of a cloud tapering from a dense
central region to tenuous edge blending with free space seemed
logical in the beginning. An actual chaff cloud might be ex-
pected to display such an inhomogereity; furthermore, a uniformly
dense cloud, for high densities, might be expected to exhibit
a coherent scatter from the abrupt free space-cloud interface as
well as an incoherent part. Our choice of a tapered density re-
duces the coherent part, which is desirable since this part
would be dependent upon the exact shape of the cloud, which in
the actual case is unknown and changing with time. At the same
time, however, the tapered density suffers drawbacks. The
parameter which we used to describe the tightness of the dipoles,
d/x, or "average spacing”, is an average over a substantial part
of the cloud. The average spacings are much smaller than this
number near the cloud center and much larger closer to its
edge. As the program progressed, it became clear that it would
be better to assume clouds with uniform densities so that trends
in the various methods, such as the sparse matrix and the iterative,
could be correlated with respect to a more uniquely defined average
spacing (or density) parameter. The details of the homogeneous
cloud generation are contained in Appendix C.
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We state here once and for all that, except where noted, all
results appearing in this report are based on the Gaussian radial
distribution for the cloud. The reader will find uniformly dense
clouds assumed only in the section describing indirect methods.

2. Direct Methods

(a) Theoretical Considerations

As discussed above, and in more detail in Appendix II, the
electromagnetic scattering problem can be transformed via the
method of -moments into an N x N matrix equation of the form

(1) 1 =V

where the right hand vector V is known from the direction,
polarization, and strength of the known incident plane wave and
the elements of the Z matrix can all be calculated using
reaction matching. The problem is to determine the current
vector I, each component of which is the current I_ induced on
the nth chaff dipole. 5

A direct solution for nonsingular Z can be expressed in
terms of the inverse matrix Z-1; i.e.,

(2) L= 7k

However, the solution process may or may not include actual com-
putation of the inverse. Practical examples of solutions ex-
pressible in the form of Eq. (2) are Gaussian elimination and LU
decomposition. Both of these methods are based on triangulari-
zation of Z; Gaussian elimination yields one solution per
triangularization whereas, LU decomposition yields any number of
solutions for different right hand side vectors. LU decomposition
represents a class of compact methods including the Crout,
Doolittle and Choleskey methods [37] which do not require storage
of intermediate matrices during triargularization as does

Gaussian elimination. Final elements of the triangular form

are obtained by accumulation and when done in double precision
arithimetic and rounded to single precision before storage,
solutions by any of these methods will contain a minimum of
roundoff error. Solutions to certain electromagnetic problems
require repeated responses to variety of excitations. LU de-
composition methods are well suited to this requirement and are
probably the most widely used in electromagnetic computations,




Successful decomposition or factorization of a matrix is
based on the LU theorem. The theorem is stated as follows:
Let Zx represent the kth principal submatrix of Z, formed by
eliminating n-k rows and columns from Z. If

(3) det Z, # 0, k=1,2,:-en-1,

then there exist two unique triangular matrices L = [kij] and
U= [uiq], with L the unit lower triangular (i.e., ones on the main

diagonal and zeros above the diagonal) such that
(4) Z=1L1U
and
n
(5) det Z =TWu,. .

The U matrix in this case is the same upper triangular matrix ob-
tained by performing Gaussian elimination and L is related to

the sequence of matrices Mk, k=1,2,..-,n-1, which accomplished this
triangularization. Details of computing elements of L and U are

left to Appendix I of Reference 38. Equatior (1) can now be restated
in factored form as

(6) LuI=yv
and the solution is computed by setting \
(7) U1 =1

in Eq. (6) and solving the resulting triangular system for I by
forward substitution. This solution is then substituted back
into Eq. (7) and the final triangular system is solved by back-
ward substitution. These forward and backward substitutions are
the only calculations needed for sther solutions to the same sys-
tem with different E (excitation) vectors. The factored form of
Z defined by Eqs. (4) and (5) is referred to by Westlake [39] as
Doolittle decomposition. The familiar Crout decomposition as
described by Westlake performs lower triangularization on Z and
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U becomes unit upper triangular. Choleskey's method, or the
square-root method, requires Z to be at least symmetric. Fac-
torization in this case leads to the form

(8) Z =66

(T denotes tiranspose) with the determinant given by
§ 2

(9) det Z = 11:1; (9:5)°

Gaussian elimination along with the Crout and Doolittle methods
generally Eives better results when a column reordering strategy is
used on Z(k) to position the element of largest absolute magnitude
in the kth row in the pivotal position (diagonal) at the kth step
of the triangularization process. Choleskey's method, on the
other hand, does not require this repositioning strategy when ap-
plied to positive definite matrices. The EM problems treated in
this study result in complex symmetric (nonhermitian) matrices and
in general this partial positioning process should be included.
Experience has shown, however, that for most EM problems solved in
this manner, sufficient accuracy is obtained without pivoting in
spite of the indefiniteness of the coefficient matrix. Elements
along the main diagonal generally are larger in magnitude than the
off diagonal elements which no doubt contributes to this char-
acteristic.

The size of a particular computer's fast access memory along
with growth of rcundoff accumulation are inherent limitations of
these methods. The size problem can be overcome to a certiain extent.
However, unless precision is also improved, roundoff must eventually
obscure acceptable solutions. One method for studying conditions
which affect solution errors is to compute a relative error bound
for the solution algorithm being used. Relative error is ex-
pressed in the form

(10) Relative Error = Liﬁ:ﬁﬁj
I »

where I and I represent the exact and computed solutions,

respectively, to Eq. (1) and || .|| signifies an appropriate
vector norm. Definitions of useful vector and matrix norms
are given in Appendix C of Ref. [38].
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Error bounds naturally tend to be conservative and are often
considered useless for this reason. Nevertheless, bounds con-
sidered in proper perspective can yieid information otherwise
unavailable to the user. Computation of a bound based on the
number of unknowns (N), the algorithm, and the precision, may reveal
trends which can bring confidence or a note of caution into play
and is justified if only to indicate such a trend is possible when
pushing the limits of a particular machine's size and accuracy.
More discussion of condition numbers and error bounds appears
in Ref, [38].

(b) Calculated Results for Chaff Clouds

Using the computer routines based upon the method of Crout
and documented in Appendix II of Reference 12, clouds with N = 10,
15, 20, 25, 30, 50, 100, 150, 200 dipoles were considered for
average spacings, d/x = 0,5, 1.0, 1.5, 2,0. Not all combinations of
(N, d/2) were investigated equally intensively since computations
for larger N values are time-consuming and certain trends could be
discerned without them. Most work concentrated on clouds with
N < 30, and on the backscattering cross section. Figures 1-4 show
the average backscattering cross section <op> of the mth cloud in an
ensemble of M = 29 clouds in the frozen model, where 1 < m < M,
These figures give data for clouds containing up to N = 30 dipoles
and average spacings d/x = 0.5, 1.0, 1.5, 2.0. As expected, the
values of <op> distribute themselves over a range (note that where
the density of dots in Figs. 1-4 is high, they are plotted aside one
another), so it is appropriate to present an average value of the
<om>, Which we denote by <G>, This has been done in Figs. 5-8,
where <G> is represented by a point. For the cases, N = 10,30, which
were investigated more extensively, the ranges which enclose 95.45%
of all the values of <G> can be represented by a vertical line (ex-
tending from <G>-2 Spaan t0 <G> +2Smean), Where Spean is the standard
deviation of the distr1gution of <op>. The details of the distri-
butions of <op> are discussed more fully in Appendix I; here, it
suffices to say that these curves give some idea of the expected
cross section from a cloud of chaff with coupling as a function of
number of dipoles and average dipole spacing (i.e., dipole density).
In Figs. 1-8, each straight line represents the ideal case of no
coupling, in which case the average cross section of N dipoles is
expected to be simply N times <go>, the average cross section of a
single resonant dipole.* If the average cross section of a single
resonant dipole is defined to be the cross section of that dipole
averaged over all possible tumble angles, equally weighted (spherical

*Actually, this straight line is an approximation strictly valid for
uniform density clouds. However, for the non-uniform clouds
considered here, it is an extremely good approximation,

12
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probability density function for orientation), then <og> is equal
to about 1/5 times the maximum cross section of the dipole, or
<0g>20.15)¢. From these curves it is evident that with an average
spacing of d/a = 2.0, the curve N<ogp> fairly well predicts the
values of <o>, implying that coupling effects are weak and decoupled
theory may as well be applied. But as d/)» decreases below 2.0 the
values of <o> drops below those predicted by the curve N<o,> for

the decoupled dipoles. Although fewer clouds were investigated

for N > 30, the same trends persist, as indicated by Figs. 9 and 10,

Although most data generated were of backscattering cross L
section, some bistatic scattering cross sections were investigated ]
as well. Figures 11-14 present results for rather dense clouds p
(d/» & 0.59) and bistatic angles 8 = 0° (menostatic), 45°, 90°, 1
135° for vertical-to-vertical and vertical-to-horizontal polari-
zations. Computed data appear as circles and measured data appear
as solid dots. (The methods used to obtain the experimental data
are described below), Again, the straight lines N<gq(8)>
represent the ideal case of uncoupled elements, where <oq(8)> is
the tumble average bistatic cross section a single resonant dipole,
calculated according to the formula,

(11) <oo(8)> = 0.05A2[1+2 (cos oy €OS o + COS B sin oy sin ar)z]

where at and o, are the angles of the polarization vectors as
shown in the accompanying sketch. In every case, we observe the :
same phenomenon - coupling effects a decrease in average cross i
section for both polarization combinations and all bistatic
angles.
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To obtain the bistatic scattering data of Figs, 11«14 up to
800 polyfoam spheres, each containing a dipole, were enclosed in a
polyethelene bag which was rotated by means of strings. Horizontal
polarization was transmitted to minimize string reflections and as
the bag was rotated a cross section pattern was recorded and automatically
averaged. Between runs, the bag was jostled to form a new cloud
so thai a variance could be observed for the average return,

Figure 15 shows the calculated spatial average backscatter
as a function of frequency of four particular random clouds of
N = 30 dipoles each. In this figure, vertical-to-vertical polari-
zation is assumed and 2/x is the electrical length of each dipole
which is varied through the resonance region. The curves marked
N<og> is for the ideally decoupled case and the other curves are
for average spacings for each cloud of d/A = 2.0 and 0.5. As
expected, the closer spacing reduced the backscatter, but it does
not significantly change the frequency of resonance. This result
leads us to conclude that it is fruitless to seek a chaff cloud
which blooms to a higher value of radar cross section than ex-
pected early in its evolutionary history by cutting the dipoles
to any length other than the free space resonant length.

3. Sparse Matrix Methods
(a) Theoretical Considerations

In addition to the gathering of comput2d and measured data
to obtain averages of backscattering cross sections, some effort
has been directed at alternative methods for solving large matrix
equations. The reaction method of Richmond leads to kernel matrices
of the order N x N which effectively must be inverted by one method
or another. Using Crout-type methods just discussed and a large
scale computer limit N to about 250; if more dipoles than this are
of interest other methods must be sought to overcome the storage
and time problems. In this and the following section we discuss
two methods which we investigated - sparse matrix and iterative
techniques.

Before launching into a discussion of these techniques, it is
appropriate to enquire why cre is interested in larger numbers of
dipoles, especially since informaton concerning far scattered
data are more easily derived from smaller clouds. The answer lies
in the intent to characterize a chaff cloud by more than its
average cross section, in particular, to calculate the fields inside
a cloud as a function of depth of penetration and obtain some
insight to the extinction and phase shift incurred. In order to
obtain a substantial depth, it may be necessary to account for
more than 250 dipoles, in which case new compuicr methcds ire
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necessary. Such information would be useful for estimating the
thickness of a layer of dipoles beyond which additional dipoles
add very little to the average backscatter.

The solution to the problem of scattering from a cloud of
N dipoles involves a system of N equations in N unknowns. Each
of these equations contains N tarms. Since all N2 terms must be
stored, even large computer systems run out of fast-access memory
for relatively few (N < 300) dipoles. In order to study larger
clouds, some means of reducing the number of stored elements is
required.

The terms in the equations relate to the interaction (mutual
impedance) between pairs of dipoles in the cloud. For dipoles that
are widely separated or nearly perpendicular to each other, the
associated mutual impedance can become quite small. If some
threshold level is chosen for the magnitude of the mutual impedance
and all mutual impedances below this threshold are ignored (i.e.,
set to zero), an approximate solution to the scattering prohlem
may be obtained. The often-used assumption of completely in-
dependent dipoles is an extreme example of this type of approxi-
mation. Systems of linear equations of this type (i.e., where
each equation contains only a few terms) mey be solved by what are
known as sparse matrix methods.

Sparse matrix methods are similar to other techniques (e.gq.,
Crout, Gauss reduction), except that only non-zero terms are stored
and only operations involving non-zero terms are performed. Thus
they are faster and require less storage when applicable,

In order to determine whether such an approximate solution
can be used for studying chaff clouds, a few tests were run using
standard solution techniques (i.e., without implementing the time-
and storage-saving algorithms) for several values of the threshold
mentioned earlier. In this way the applicability of sparse matrix
techniques could be determined before effort was expended to
develop specialized computer programs.

Setting the threshold to a value equal to 10% of the magnitude
of the dipole self-impedance resulted in a satisfactory percentage
of zeros (nearly 80%) in the impedance matrix for several test
clouds. The bistatic scattering patterns of twenty thirty-dipole
clouds (with d/x = 0.5) were calculated using both the full im-
pedance matrix and the sparse matrix obtained with the 10% thresh-
old described above. Each pattern was averaged over 360° of
bistatic angle and for each cloud the average obtained using the
full matrix solution was compared with the average obtained using
the sparse matrix solution. The percentage error for each of the
twenty clouds is listed in Table I (where a + error means the
sparse matrix yielded an average higher than did the full matrix).
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The average error was 5.3% and the average absolute error was 6.8%,
well within tolerance levels of practical measurements.

From these calculations it appeared feasible to further de-
velop sparse matrix programs for use on chaff cloud scatter calcu-
lations.

TABLE 1

PERCENT ERROR IN BISTATIC AVERAGES CAUSED BY SETTING MUTUAL
IMPEDANCES BELOW (0.1) (211) TO ZERO.

-4.2 +5.3 + 2.9 +11.9 +8.7 -3.2
-7.7 +6.7 +10.0 +13.3 +13.8 +2.6
+10.2 H5.5 +4.8 + 846 + 4.3

Sparse matrix methods require that a special sciere be used
to index the stored elements of the matrix. Also most direct
methods of solving systems of linear equations operate on the
matrix to produce a new matrix which in general is not sparse even
though the original matrix was sparse. Sparse matrix methods require
that this new matrix be sparse as well. These two requirements
have been approached and fermulated in a variety of ways [40-45].

The approach used here is that given by Berry [44]. The off-
diagonal non-zero elements of the upper trianagular portion of the
matrix are stored consecutively in linear array U. The diagonal
elements (which are all non-zerc) are stored in a linear array D,
Two pointer arrays II and J are used to index the array U. II(K)
contains the starting location of row K in U and J contains the
column indices of the elements in the same order as the elements
as contained in U. An example given by Berry [44] should help
clarify this scheme. For the matrix Y given below, the arrays
would be as follows:

Yyu O Yi3 0 Y15

0 Yop Yoz Yoy O
'||" =

Y31 Y33 Y33 Y3 O

0 Yoo Y43 Yag O

Yo7 O 0 0 Y55
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o i

I1(1)

1]
pu—

J(0) =3 U(1) =y;;  D(1) = vy
I1(2) =3 9(2) =5 U(2) = yy5 D(2) = ¥,
I1(3) =5 J(3) =3 U(3) = y,, D(3) = ¥35
II(4) =6  J(4) =4 U4 =y, D(4) =y,
I1(5) =6 J(5) = 4 U(5) = .Y34 D(5) = _Y55

A specialized matrix decomposition known as the "square root
method" [46] is used to solve the system of equations. This
method is similar to those associated with the names Gauss,
Crout, Doolittle, Cholesky, Banachiewicz, etc. [47].

Before decomposition, the algorithm given by Barry is used
to determine a renumbering of the unknown (pivoting on the diagonal)
such that the number of non-zero elements in the auxiliary matrix
produced by the decomposition is reduced. The advantage of this
renumbering is easily seen in a couple of examples. Figure 16 shows
the structure of an 11 by 11 matrix and its auxiliary before re-
numbering. Crosses represent non-zero elements occuring in both
the Jsiriginal matrix and its auxiliary. Zeros represent non-zero
elements occuring only in the auxiliary matrix, i.e., non-zero
elements that were introduced by the decomposition. Blanks repre-
sent zero elements occuring in both the original matrix and its
auxiliary. Figure 17 shows the structure of the matrix after
renumbering and the structure of the auxiliary of this new matrix
in the same way. The renumbering used was as foliows:

original unknown no. 1 2 3 4 5 ¢ 7 8 9 10 N
new unknown no. 1 9 7 6 52 3 8 4 10 1

The structure of Fig. 17 may be obtained from that of Fig.
16 and the above table. For example: to generate the seventh
row of Fig. 17, first note that the seventh unknown in the re-
numbered system was the third unknown in the original system,
This means that the third row of the original matrix is the
seventh row of the new matrix. Columns have also been inter-
changed according to this same renumbering so that 233 - Z77.
To fincd the other elements in the new seventh row, acte ir Fig.
16 that the off-diagonal elements in row 3 are Z34, Zz6, and
Z3g and convert both subscripts as given in the table to obtain
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234 > Lygy L35 > 172, and Z3g + Z7g which is the structure shown in
Fig. 17,

Figures 18 and 19 show the structure of a 28 by 28 matrix
before and after renumbering in the same way.

The renumbering used in this case was as follows:
original 1 2 345 6 7 8 9 10 11 12 13 14
new 9 18 24 22 8 20 14 21 27 15 19 16 13 17

original 15 16 17 18 19 20 21 22 23 24 25 26 27 28
new 25 28 7 5 4 3 2 1 2 23 10 6 11 12

The number of non-zero elements occuring in the auxiliary matrix is
substantially reduced by the renumbering as may be seen by comparing
the number of zeros in Figs. 16 and 18 with the number of zeros in
Figs. 17 and 19.

ib) Calculated results for Chaff Clouds

In order to estimate the savings in time and computer storage
requirements ro2sulting from use of the sparse matrix algorithm, a
study was made of these parameters using the ElectroScience
Laboratory Datacraft 6024 computer and the Wright-Patterson Air
Force Base CDC 6600 computer.

In particular, it would be useful to obtain some estimate
of the number of non-zero elements which are regarded as sig-
nificant enough to retain and store. If we regard as zero any
elements in the impedance matrix whose magnitude is less than
10% cf the magnitude of the self impedance (diagonal) elements,
and we calculate the number of non-zero elements remaining in
the upper triangle matrix (Table 2), we can obtain the percent
of non-zero elements in the upper triangle (Table 3). The
numbers presented in these tables are averages of values ob-
tained from 10 randomly generated clouds for each combination
of average spacing d/a and number of dipoles N.
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18 and its auxiliary.

The structure of the 28 x 28 renumbered
Symbols are the same as in Fig. 16.

matrix of Fig.

Fig. 19.
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The average numbers presented in Table 2 are plotted vs N
with d/A as a parameter in Figs. 20 and 21. They all show a
remarkably linear character, indicating that significant
coupling (non zero elements) exists between an arbitrary dipole
and only its neighbors inside a surrounding "volume of influence",
Thus, with d/A fixed and N increasing, we expect, and do observe,
the number of non-zero elements to increase proportionally to N,
not N2, Consequently, the percent of non-zero elements for a
fixed d/A decreases as 1/N with increase in N. Recalling the rule
of thumb that this percent should not exceed about 20% if sparse
matrix techniques are to be effective, we see that this condition
is satisfied for all d/x > 0.5 for n > 200, a fortiori for the
larger d/A values. The absolute number of non-zero elements,
(Table 2) or course, determines the memory required of the com-
puter. Extrapolating the linear curves of Figs. 20 and 21, it
appears that a capability of storing 20,000 non-zero elements
(about the number of elements in the upper triangle of the full
matrix associated with a cloud of 200 fully coupled elements -
an entirely feasible problem of the W-P computer) permits the
sparse matrix solution of clouds containing approximately 1100,
5300, 15,300, and 32,000 dipoles if the average spacings d/X are
0.5, 1.0, 1.5, and 2.0, respectively. Investigations involving
time savings, described later, lead us to less optimistic
estimates.

The variation of the number of non-zero elements in the upper
triangle with d/x, N fixed, is not as clearly explainable in
physical terms as is the variation with N, d/» fixed. If we con-
sider each dipole to be coupled only to m neighbors within a
surrounding "volume of influence", then the number m should be equal
to the number of non-zero elements in the upper triangle divided by
N. Performing this operation on Table 2, we obtain Table 4, and
observe that, except for the smallest spacing d/x = 0.5, the values
of m (i.e., the number of elements in a "volume of influence") are
approximately independent of N, as one would expect. For d/» = 0.5,
clouds with lesser values of N probably are too small to obtain fair
values for m, so we presume those values of m obtained for the
largest clouds (N = 200) are most accurate. Accepting these latter
numbers, one recognizes, of course, that they are only symbolic of
the influence of coupling; they only give some indication of the
(integer) number of neighbors which are effectively coupled to a
given element in some average sense. We can venture one step
further and assume that each "volume of_influence" is a "sphere
of influence", with volume Vq4/, = (d/»)3m (where the subscript
recognizes that the "sphere of influence" has a size which is
probably dependent on the cloud density, i.e., d/»). Doing this
for N = 200, the radii in wavelengths Rd/A/A of the "spheres of
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Average number of non-zero terms in the upper
triangle of the sparse matrix using 106% rule,
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Figure 21. Average number of non-zero terms in the upper
triangle of the sparse matrix using 10% rule,
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TABLE 2
NUMBER OF NON-ZERO TERMS IN UPPER TRIANGLE

N
arn 50 100 150 | 200
2.0 30 62 86 125
1.5 62 130 190 260
Sparse
Matrix 1.0 160 360 600 750
0.5 550 1500 2800 3500

TABLE 3
% OF NON-ZERO TERMS IN SPARSE MATRIX UPPER TRIANGLE

H‘I}X 50 100 150 200

2.0 2.459% 1.25% 0.77% 0.63%
1.5 5.06% 2.62% 1.70% 1.30%
1.0 13.06% 7.27% 5.37% 3.75%

0.5 44.90% 30.30% 25.05% 17.58%

TABLE 4
m, THE NUMBER OF ELEMENTS IN A "SPHERE OF INFLUENCE"

51}7 50 100 150 200
2.0 0.6 0.62 0.573 0.625
1.5 1.24 1.3 1.26 1.3
1.0 3.2 3.6 4.0 3.75

0.5 11.0 15.0 18.7 17.5

il =™
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influence" are found to be 2.35, 2.18, 2.07, and 1.73 for spacings
d/x of 2.0, 1.5, 1.0 and 0.5, respectively. Although more data
would be necessary to substantiate it, this variation in Razy/2
appears to be a linear increase with d/x, as shown in Fig, éé.

The fact that the "radius of influence", Ry,,/1, decreases as the
cloud becomes more dense, i.e., as d/) decreases, could be ex-
plained by the increased shielding effect of the outermost elements
from the center dipole of interest by those elements in-between.
And the fact that the values of Ry/,/A exceed 2,0 for the larger
spacings lends credence to our present analysis because previous
data showed the dipoles to be essentially decoupled for these
larger spacings,

A11 the foregoing work is based upon the 10% threshold level
below which a matrix element is regarded as zero. The question
arises, how severely does this change the scattering cross section
and, in particular, the spatial average backs:zatter from that which
would be obtained using the full matrix? To show the effect of
sparsing the impedance matrix we present in Figs. 23-26 backscat-
tering patterns (same sense polarizations of transmitter and
receiver for clouds containing N = 30 dipoles with two different
average spacings, d/x = 0.5 and 2.0, calculated on the
ElectroScience Laboratory computer using th2 full matrix and the
sparse matrix (with 10% sparsing rule). We expect that the
sparsed matrices for these clouds contain about 95% zeros when
d/x» = 2.0 and about 50% zeros when d/x» = 0.5. Of course, as N
increases, these percentages will increase. A similar set of -
calculations were performed on the Wright-Patterson Air Force Base
CDC-0600 computer for three different clouds containing N=200 dipoles,
each 0.475 wavelengths Tong, and with average spacing, d/A=2.0. Figures
27-29 compare superimposed backscattering patterns (same sense
polarizations and cross polarizations of transmitter and
receiver} using the full matrix and sparse matrix (with 10%
sparsing rule). Figures 30-41 show similar patterns for two
other clouds with N = 200, d/x = 2.0. We expect that the
sparsed matrices for these clouds contain about 99.4% zeros
(see Table 3).

A1l these patterns, particularly those for the N = 200
clouds, are interesting because they display three features worth
mentioning. First, the patterns show differences in fine structure
but are very similar in gross structure in all cases. Second,
Figs. 25-41, all for average spacings d/x = 2.0, show a
recognizavle repetition of the pattern every 180°, i.e., the
backscattering pattern behaves about the same when the cloud is
viewed from a selected direction or from the opposite to that
direction. Furthermore, the patterns corresponding to the
sparsed matrix show this symmetry even more than do those for the
fuil matrix. This behavior is expected because in all these
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cases, thc clouds are tenuous enhough (i.e., dipoles are weakly
coupled) and do not contain sufficient numbers of dipoles to
exhibit significant extinction of energy from front to back of

the clouds. If all dipoles were of resonant length and were
perfectly decoupled, we would observe perfect symmetry of the
patterns; our dipoles are of resonant length (making each one
essentially a single mode structure with a 180° phase shift

upon reflection from it, i.e., all diagonal elements of the Z
matrix are essentially pure real), but they are not decoupled,
upsetting the symmetry somewhat. Sparsing artificially decouples
many elements (95%, 99.4% as mentioned earlier), so we expect the
sparsed results to closer approach the ideal, i.e., display more
symmetric patterns than do the full matrix patterns. Notice that
for the denser clouds, Figs. 23 and 24, where d/x = 0.5, pattern
symmetry disappears for full or sparse matrix solutions. Here,
the strong coupling definitely upsets the symmetry and even the
artifice of decoupling with a 10% rule does not decoup]e enough
elements (only about 50% as mentioned above) to regain symmetry.

A third feature, not directly observable from Figs. 25-41 but
derivable from them, is the effect of sparsing upon the spatial
average backscatter. Figure 42 presents bar graphs of average
backscatter obtained from each of 10 different clouds with

N =30, d/» = 2.0, each calculated using full matrices and
matrices sparsed by the 10% rule. Clearly, the average backscatter,
even with the full mat~ix, varies from cloud to cloud, as expected
from results presentec earlier, but the error incurred by using
the sparse matrix is less than this variance, and results in a value
for average backscatter which is s1ightly too high in most cases
by a few percent. That it is too high and not too low is expected
because sparsing results in a cloud which closer approaches the
ideal decoupled cloud and our results have shown that coupling
lowers the average echo below that for the ideal. Another mode

of presenting the same effect of sparsing on spatial average back-
scatter is shown in Figs. 43-45. For the three c]ouds containing
N = 200 dipoles, the cumulative probabilities P(o/22) of back-
scatter1ng cross section were calculated. The solid line in each
figur2 is associated with the sparse matrix, the dots with the
full matrix, and the crosses with the ideal decoupled case (calcu-
lated from P(s/22) = 1 - a=0/30; see Appendix I), The spatial .
averages associated with the three algorithms are indicated by

the vertical Tines. Notice that all three mathematical algorithms
infer that the backscattering cross section exceeds the average
cross section approximately 40% of the time.
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AVERAGE BACKSCATTER
SPARSE MATRIX vs FULL MATRIX

N=30, 9/\=2.0
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Figure 42, Spatial average backscatter from ten different
clouds using full and sparse matrices; the
symbolism L or H indicates that the sparse
matrix result was lower or higher, recpectively,
than the full matrix result by the indicated
percentage.
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Figure 43. Cumulative probability function of backscattering
cross section, cloud #1,
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Figure 44, Cumulative probability function of backscattering
cross section, cloud #2.
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It is clear from what has been said previously that the
sparse matrix incurs substantial savings in computer memory.
But how about time saved? We may consider the time consumed
(on the ElectroScience Laboratory Datacraft computer) by three
separate operations: macrix setup time, i.e., the time taken to
generate the Z matrix ¢lements; reordering, i.e., the time taken
to reorder the Z matrix 5o that ils auxiliary matrix will also be
sparse; and backscattering, i.e., the time taken to calculate the
backscattering cross section at one look angle.

The number of elements in large matrices rapidly becomes
exhorbitant, even taking into consideration the identity of all
the diagonal elements and symmetry about the diagonal. Applying
the 10% rule permits us to store only a few or less percent of
these elements, but to apply the rule, all of them must be
calculated. This takes a great deal of time. In order to reduce
this matrix setup time, we appealed to the evidence of Fig. 22
to create what we call a "sphere-of-influence" model. In this
model we avoid the calculation of the vast majority of the
matrix elements by superimposing on the 10% rule, a sphere-of-
influence ruie, whereby one calculates only those matrix elements
representing the coupling of the dipole of interest to its
neighbors lying within a specified spherical volume centered
at the dipole, all other couplings being assumed zero. Figure
46 shows the computer time saved by applying the sphere of
influence rule as well as the 10% rule over the time taken by
applying the 10% rule only. It is based upon averages of 20
clouds of 100 dipoles each, and shows the time saved for
assumed sphere of influence radii from 2.07) to 2.5A. The
larger che sphere-of-influence, the smaller the time savings,
of course. But the larger the sphere of influence, the more
identical become the matrices sparsed by the two different rules.
The number of elements which differ in the two matrices so sparsed,
are presented in Fig. 46 as the percentage of the N2 elements in
each matrix. Clearly, at about a radius of 2.4 , the two become
identical, implying that the sphere-of-influence sparse model
should yield backscattering patterns equally as good as those
obtained from the 10% sparse model. Note that our average spacing
of d/» = 1.0 is assumed for the clouds. Denser clouds would
exhibit less time saving. Figure 47, also for fixed d/» = 1.0,
indicates the time saving for a variety of choices of N, using
2.07x and 2.5) radii for the sphere of influence. As expected,
the time saving rises as N increases.
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COMPUTATION TIME SAVING (%)

90

COMPUTATION TIME SAVING VERSUS SPHERE OF
INFLUENCE RADIUS FOR SPHERE OF INFLUENCE

MODIFICATION OF THE SPARSE MATRIX TECHNIQUE
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model plus 10% rule over the 10% rule alone
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The foreging data reflect 2 very substantial time saving in
matrix setup time with 1ittle penalty in echo area. Evidence did
eaist, however, that the sparse matrix algorithm, even with the
spnere- of-influance rule built in, was time consuming. This
evidence was verified when a computation of an N = 500 dipr’e
cloud with d/x = 1.0 the Wright-Patterson Air Force Base
CDC 6600 computer overran its allotecd time of 5000 seconds. In
ordcr to investigate this time consumption mor2 carefully on
our own machine, a set of backscatter data were accurulated for
one loox angle with clouds of 30, 50, and 100 dipoles, each with
average spacings of d/x = 0.5 and 1.0. Twenty such clouds were
considered “or each case and average times obtained for *he three
parts uf the sparsc matrix nrogram. The sphere-nf-influence
plus 10% rules were applied to sparse each matr'x and the results
tabulated in Table E. The numbers dc not reprcsent ceal times
but ¢lock times on the ESL machine. Time ratios are of
importance here.

TABLE 5
C_OCK TIMES OF THREE PARTS OF SPARSE MATRIX ROUTINE
d/> N No, of non- Matrix Reordering 1 look Total time
zero elements Setup angle
1.0 30 76 842 475 17 1,350
1.0 50 13 1,863 1,884 31 3,743
1.0 100 343 5,033 17,410 76 22,534
c.5 30 220 15107 2,807 30 3,968
0.5 50 500 3,069 21,277 66 24,449
0.5 100 1,462 11,311 414,121 219 425,667

In this table total time is the sum of tne previous three operatioas
plus some small amount for inherent operations. The average number
of nonzero elements in the upper right triangle of the Z matrix

are also given. Clearly, with the sphere-of-influence rule

applied, it is the reordering time whizh is preponderant and causes
the sparse matrix algorithm to be so time consumiiig. In an effort
to reduce this reordering, an attempt was made to partially

reorder. The results, however, were not encouraging and the

effort was terminated.

The sparse matrix computer program used to obtain the fore-
going results is documented in Appendix E.
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Before turning to another topic we should point out one facet
of the sparse matrix approx1mat1on as arrived at by the 10% and
sphere-of-influence rule. That is, these sparsing techniques
are determined by the Z matrix alone; they do not take into con-
sideration the currents induced on the dipoles. For example, the
influence of the ith dipole current upon the voltage induced in
the jth dipole is proportiional to zijlj, the product of the
ijth matrix element and the ith current. Simply setting zjj to
zero if it is smaller than 10% of zji may not be r1gorous]y ap-
propriate if Ij is large. However, the 10% rule appears to do a
satisfactory job for obtaining the average backscatter., If, how-
ever, one is interested in extinction of current through the
cloud, the 10% rule or, even worse, \he sohere-of-influence model,
cannot be expected to yield good rec''ts ‘“r hy their nature,
these aprroximations modify the coherent forward scaiiorved wave
as it proceeds through the cloud. Sincz2 this is an important
phenomenon dictating the extinction rate in the first few wave-~
lengths into the cioud, a better model would have to be devised if
one is interested in extinction. The indirect methods described
below might serve such a purpose.

4. Indirect (Iterative) Metheds
a. Theoretical Considerations
Sections 2 and 3 have discussed direct anc sparse matrix

methods for solving the equation,

(12a) I =V ,

In this section we discuss indirect methods, of which linear
jteration forms a special class and which we will emphasize.
In order to avoid ambiguity in notation, in this section we

will rewrite Eq. (12a) as

(12b) Ax = b

and develop all pertinent equations in terms of A, x, and b
rather than Z, 1, and_V.

A11 indirect methods of solving Ea. (12b) for x can be viewed
from the inplicit formulaticn given by

(13) x = f(Ab,x) ,
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implicitness being characterized by the appearance of unknown vector
x on both sides. The symbol f in the above expression represents a
function or set of rules (algorithm) with the minimal property that
the exact x satisfies Eq. (13) identically. One additional con-
dition on f needed here is that it be able to transform an ap- 3
proximation to x into an improved approximation. It would be too :g
much to ask that one application of Eq. (13) yield the exact :
solution. However, repeated appiications might be expected to
give successively better approximations and this is precisely
the essence of jteration. Notation can be added to the implicit
form of Eq. (13) to give a general formula for iteration, i.e.,

(14) X(k) = f(k)(A.b,X(k‘] ) .x(k«Z) e 'x(k—m)) ,

where x(k) represents the kth iterate or approximation of x, Note,
in this form, x(k) is considered to be related to m previous
iterates, in which case the iteration is of m*h degre~. Also

note that, in general, the function f(k) can change from step f;
to step. If f{k) remains invariant throughout the iteration 1
process (k = 1,2,...), then the iteration is called stationary :
and if not, it is called ngn;§%§§ignary. The iteration process
is referred to a§ linear for fiK)'s which are linear functions

of x(k=1), x(k=2), 7. x(k-m) and noniinear otherwise. Iterative
methods subdivide still further into point-step and group or

b}osk-step methods and thesc categories depend on the choice of Fﬁ
£(k), More specifically, the point-step methods proceed, to '
improve the individual components ot solution vector x k) one~ :

at-a-time, independently of the oiher elements, while block-step @
methods normally improve blocks of eiements of x k). inde~ 3
pendently of other blocks. A rather unique block type itera<
tive method will be introduced later which will allow "overlap" &
of these blocks based on the physical scattering problem, .
Disussed in this section are three classical linear stationary
methods of first degree; the Point-Jacobi (J) method, the Gauss~
Seidal (GS) method and the method of Successive Over-relaxaticn
(SOR) together with their physical interpretation from the
scattering viewpoint. Aiso included is a discussion of convergence
criteria for these methods and finally a presentation of results, 3
mcstly calculated using SOR. B!

QT

Linear First Degree Mathods (J,GS, SOR)

The basic equation underlying many linear indirect methods
is derived from Eq. (12b) by adding x to both sides and re- E
arranging to give Et

(15) x = (I-A) x + b,
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which, in terms of a sequence of iterates can be written as

(16) ML STR LS )
where
(17) H=1-A.

H is usually referred to as the jteration gr error reducing
matrix and is related to the functions f(k) described in the pre-
vious section. Iteration via Eq. (16) is linear, stationary

and of first degree. This expression yields a number of clas-
sical techniques which differ by the "splitting”" of matrix A.
Consider the splitting defined by

(18) A=D-F-F
where D = [ajj], i =1, +--,N, is a diagonal metrix and E=[-a1? .
y

i>j, is strictly lower triangular and F=[-a;:], i<j, is strict
upper triangular. The iteration of Eq. (16} then becomes

(19) x(K) = D‘](E+F)x(k‘” Db ;
where thie iteration matrix is identitied as
(20) Hy = D™V (E+F) .

Equation (19) describes the well known Point-Jacobi (J) method
[48] or method of "?iTultaneous displacementc" [49]. Here,

nfr ﬁ?mponents of x'K) are computed as functions of components of
x (k=

as follows:
(21) x(k) =i g a x(k"]) PO S
1 3 g 1 ;1
J#

Note however, that by carefully considering the ordering of im~
provements in x(k) Eq. (%1; can be modified to incorporate the
at intermediate steps; i.e.,

latest improvements in x(k
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(22)

or, in matrix notation,
(23) k) = (0-5)"TF x(K) 4 (p-£) T
Here, the iteration matrix is given by
- -1
(24) Hge = (D-E)"'F .
Equation (23) is the familiar Gauss-Seidel (GS) method [50],
also known as the method of "successive displacements".
Both the J and the GS techniques can be considered special
cases of a larger class of computer oriented "relaxation" methods

often referred to as Qver-relaxation (OR) methods [51]. A basic
equation governing these methods is given by

25) %K) =gk 4 (oK) (keD)y

where the "relaxation factor" is uiuaily chosen to be a real
constant in the range 0<w<2 and x{k) is computed by either the
J or the GS method [52]. The technique for computing x(k) is
clearly not restricted to the above two methods; here, however,
only the GS method will be assumed. This assumpiton leads to
the defining equation for the familiar Successive Over-relaxa-
tion (SOR) method [53]; namely,

(26) x(K) = (10D ) (1) 1D TFIX KD (10D TE) DT,
where the iteration or error reducing matrix H is given by
(27) o= (1-00"TE) [ (1) I-wDTF].

The computational procedure for SOR is given by Eqs. (22) and
(25) and therefore, for w=1, SOR reduces identically to the GS
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method. Incidentally, when the solution x(k) in Eq, (25) is
computed by the J method, the resulting technique is called
the method of "simultaneous over-relaxation" (JOR) [54] and
reduces directly to the J method for w=1.

The SOR method of Eq. (26) is obviously a stationary Tinear
method of first wnegree. Nevertheless, SOR can be made non-
stationary by not restricting w to being a constant for all
iterations. It is not, on the other hand, clear how w should
be varied to improve the speed of the iteration procedure (con-
vergence) for the general case. More will be said of this
subject in a later discussion on convergence.

An alternative form for these same iteration procedures can
be derived in terms of an approximate or psuedo inverse to
matrix A, Let K-1 represent an approximation to the inverse

- Ea. (13). Then, the kth it?sate x(k) can be written as
x(k<1) plus a correction term d(k=T) given by

T Sl

where the residual vector r(*1) is defined by
(29) k=) g ay(keT),

Equations (28) and (29) can be combined to give
(30) PR o SIS PR o P
whereupon, the kth iterate may be written as
(31) ML o LD

The H matrix here has the form

(32) H= (1-K71a)

and it is easily shown that the following choices for A lead to
the previously derived H matrices; i.e.,




(33) k=D~ Eq. 20 (J)
Ny
(34) A = D-E +~ Eq. 24 (GS)
1 " _]
(35) A= ;-D-E + Eq. 27 (SOR).
k. An additional point to be noted in this latest discussion is

that A need not be identified with a rigorous matrix form such
as those given in Eqs. (33) to (35). A can merely be repre-
sentative of a special algorithm for computing the approxi-
mations to x. Equation (31) in this case will no lenger repre-
sent a rigorous matrix equation. This is in line with the pre-
vious comment that f in Eq. (13) may in fact represent only a
set of rules or algorithm for computation. More will be said
later concerning a less-than-rigorous notation.

S Sl b e e

’ Convergence Criteria
vl , Success or failure of any iterath method is measured Zn
terms of the limit of the sequence <x\K/> as k-w; j.,e., if x
e reaches the exact solution x in the 1imit, then the method is
‘ obviously successful and if not, the method fails. Although

] seeemingly straightforward, certain questions remain unanswered.
Namely, is information available to indicate, a priori, when a

particular method will converge and, if so, what quantitative

_ measures can be counted on to indicate sufficient convergence

g since the exact solution is never known? The first question is

answered rather easily which the following paragraphs will show,

The second question however turns out to be the more practical

yet difficult question to answer. Reasons for this will be ]

made clearer in the final portions of this section.

e s

The normed vector :pace defined in Appendix C of Ref, 38 i
ca? ?e reintroduced here in terms of the limit of the sequence
<x{k)> in the following way,

(36) 1im | [xx{K)|] = 0,

koo 4

where x is the exact solution satisfying Eq, (16) identically;
i.e.,

(37) x=Hx+b |, i
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The following result is obtained by considering the difference
between Eqs. (37) and (16),

(38) (x—x(k)) = H(x—x(k']))
and can be taken recursively to yield

(39) (x-x(k)) = Hk(x-x(o)).

Note here t?sg)x(o) is the initial "guess" corresponding to k=0,
is a

hence, (x-x constant vector. Compatible norms (see
Appendix C of Ref. 38) are needed on both sides of Eq. (39)
to give

) Ixexl < el

where the inequality |lHk|| _<__||H||k has been included in bring-
ing this expression to the form of Eq. (40). Recal] Eq. (36)
defines the unique condition for convergence of <x k5> in the
established normed space and by applying this condition to

Eq. (40), the necessary and sufficient condition for conver-
gence of Eq. (16) becomes

(41) Tim |[H][* = 0,
koo

and this condition can only be satisfied if

(42) [H]] < 1

Hence, the properties of H determine co?vergence characteristics
of Eq, (16) for any starting vector x(0), The natural norm of

Eq. (42) remains as yet unspecified but has a lower bound (see
Appendix F o7 Ref. 38) in the spectral radius given by ;

(43) [[H]] > o{H}

where the spectral radius of H, p{H}, is defined by

(44) p{H} = max [i;]
1




and the Ai's are solutions to the determinantal eigenequation,

(45) det(H-AI) = 0. .

Therefore, the necessary and sufficient condition for convergence
of Eq. (16) to the solution x (see Appendix G of Ref, 38 for this
proo:’) is given by

\46) aliftlie< I 'n

Convergence properties for the iterative methods outlined k.
earlier can be predetermined as the above procedure indicates; 3
however, for certain special cases, calculation of eigenvalues 0
can be avoided. This would certainly be an advantage, especially
for those cases when the order of matrix H is ]arge (e g., i
N»>100). These special cases can be recognized in terms of the §
following properties [55] of the original matrix A and the split- -
ting of A defined in Eq. (18):

1. If a
E+F>0, ;.
D>0 , {
and :

o{DV(E + F)} <1

then A is an M-matrix. i 
2, If

IERCNIES

then A is stricily diagonally dominant.

3. If no NxN permutation matrix P which permutes rows
and columns of an NxN matrix exists such that

» (T denotes transpose)
L 2]

wnere D], 02 are square matrices and
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oV E+ )] <1,

then A is irreducibly diagonally dominant.

4, A has the following properties;

A is hermitian (A = A*) and (* denotes compiex conjugate
transpose)

A is positive definite (eigenvalues of A are

Ai’ i=1,2,¢++,N and satisfy Ai > 0, for all i,

The convergence of the J and GS methods is assured for any

matrices satisfying 1, 2 or 3 above and the SOR method neces-
sarily converges for O<w< 2 when condition 4 is met. Proofs of
these sufficient conditions for convergence are given in Varga [56].
If, in addition to condition 4, A has "property A" as originally
defined by Young [S7], then an optimum relaxation factor wgpi

can be computed for the SOR method. This optimum factor is

given by
_ 2
(47) wopt - 5 ?
1+ 1=
where
(48) v = p{HJ}

and Hjy is computed from Eq. (20). If, on the other hand, A

does not satisfy "property A", then Wont CaN only be determined
empirically. P

The discussion of convergence, so far, has centered on finding
the spectral radii of appropriate iteration matrices or on the
special properties of the original matrix A. Consider, how-
ever, the more general matrices which appear in the EM prob-
lems studied here. The A matrices in these cases are complex
symmetric (nonhermitian) and not diagonally dominant in all but
the most trivial cases. They are positive definite, or at least
positive semi-definite, in the sense that

(49) Re{x*Ax} > 0 (*denotes complex conjugate transpose),
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where this quantity is related to real power dissipated (radiated)
by the system represented by impedance matrix A. These basic
characteristics of the EM problem eliminate any possibility of i
satisfying conditions 1-4 above. Therefore, the only rigorous :
technique is to compute the appropriate spectral radius, but i
some difficulty in computing p{H} is 1ikely to be encountered for f
many practical EM problems due to the size of N. General sub- :
routines are available [58] for calculating complex eigenvalues of
complex matrices; however, when N becomes large (>250), these
routines will require more fast-access memory than available on
most computing machines. Even if these computations are pos-
sible, the authors suggest that the time and effort used in
searching for a "largest" eigenvalue would better be used trying
the iterative technique.

i

i
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A suitable measure of convergence characteristics usually
must be determined empirically. One natural choice is a meas- ¥
ure based on the vector of residuals defined by £q. (29), or [

(50) vk = p o ax(K)

This ?xgression can be misleading since it states that if r(k)=0.
the x{k is the ?x3ct solution and this is correct. Hoyever. :
to assume that x(K) is near the exact sclution when r(k) is

small (but not zero) may be a gross overassumption. A hint of
this specious behav}os is given by the following bound on the
relative error in x(k),

(k) (k)
(51) xxx E‘*+{}FT-LL Cond{A}

Clearly, the ratiollr(k)ll/llbll must be considered in light cf
the condition number of A and the possible effects it may have
on the upper bound of Eq. (51). It is also important to point
out that all norms of residuals defined by Eq. (50) do not
necessarily decrease monotonically when the iteration process
is convergent; i.e., they sometimes oscillate or increase. Even
then, Eq. (51) implies that if a monotonically decreaszn norm
is found, it may still be mere speculation to assume x(KJ is

in some sense approaching the correct solution. Still another
m?aiure of convergence is to consider a norm of the change in
x{k), from one iteration to the next. Consicer the following
wormed difference,

i i Sonad 0 A e ¥t RN
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52 [sx{K)]] = a0 2 (T

0 and ask the following question:

Does there exist a value o 5, say k., and some € > 0
such that for k > k_, |[sx\K}{| < ¢?

1 L' If so, the process can be said to converge. The particular

choice of € used to indicate sufficient convergence, however,
is critical since the normed difference given by Eq, (52) is
not necessarily a monotonically decreasing measure, even if the
solution is convergent.

b A last comment is in order before proceeding, Certainly,

P the most reassuring indication of convergence would be to compare
solutions obtained by different techniques and possibly even by

] a physical measurement and find that they agree. This type of 1
3 comparison should obviously be sought wherever possible and 4
: v this was indeed the case in this study. In a following section

i we present certain confirmed iterative results and these results
are used to justify the choice of error measure used for reliably
indicating convergence.

r
L=

s

'i~ :] Physical Interpretation of the Jacobi and
¢ Gauss-Seidel Methods

A physical interpretation of the J and GS methods is pre- E
sented here with the aid of Fig. 48. The A matrix of previous
equations here represents the 5 x 5 impedance matrix corresponding
to the 5 dipoles shown in the figure. Consider the initial ex- E
citation on each dipole to be the incident field and the initial j
current vector to be x(0) = 0.

N
& | samea——y

The J method in general computes x(k) by considerin? the
incident field and the scattered fields produced by x(k=T), The
latter co?¥$ibution is zero for k = 1, hence the J method cal-
culates x corresponding to the "uncoupled" array. The J k.
method improves the solution for k > 1 by accounting for the 4
incident field and the scattered fields at each dipole where &
the scattered fields are produced by "old" currents. This

&I i

| interpretation of the J method in terms of multiple scattering .
— within the array was first described by Tai [59]. A1l elements L
of the solution vector cre updated simuitaneously at the end of ;
fl each iteration, hence the name "method of simultaneous dis-
placements".
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Figure 48. Sample random array for Jacobi and Gauss-Seidel
iteration methods.

The GS method uses the "latest" currents whenever possible,
i,e., the initial current on element #1 due to the incident field
is

b
(53) x%o) . 5:—] ‘

the initial current cn ciement #2 due to the incident field plus
the scattered field from element #1 is

56) g7 = (o + a)/ag,,

the initial current on element #3 is due to the incident field
plus the scattered fields from elements #1 and #2

$98) 3= (g 4 ag”) + agp /sy,
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etc. The name "method of successive displacements" clearly ap-
plies to the above description and, as we might expect, the &S
method has superior convergence properties since it accounts for

e3>
—

i=1
interactions per iteration whereas the J method only accounts for
n interactions per iteration.

The SOR method operates on the GS iterates by "relaxing" the
latest correction through a weighted averaging process. Note that,
even though SOR degenerates to GS for w=1, convergence of SOR (w#1)
can be relatively good while GS may not converge at all, Physical
interpretation of SOR in terms of scattering is more difficult than
for J or GS. Weighted averaging of currents seems to be a purely
mathematical concept. However, by assuming the array to be im-
mersed in a medium which modifies the multiply scattered fields
either by introducing "loss" or "gain", this would cause cor-
responding reductions or increases in interactions between dipoles.
The application of an iterative procadure (e.g., GS) under these
"relaxation" conditions could also be termed a form of SOR. The loss
or gain in this case could either be reduced as the iteration con-
verged or left in if the convergence required it. The solution to
a "lossy" problem might be of corisiderable value in certain cases,
especially if the "lossless" case could be deduced from such a
solution.

Sphere of Influence (SOI) Method

The SOI technique is an empirically derived concept
based on the electromagnetic scattering viewpoint. The approacn
stems directly from the array problem where ihe overall scatterer
is so large and intricately detailed that it produces a matrix
problem too large to handle by direct methods, Hence, the larger
problem is broken up into a reasonable number of smaller problems
each of which can be solved directly, The heart of the method lies
in the hope that the solution to the large case can be obtained by
interacting these smaller solutions with one another through an
iterative process. The idea of "influence" manifests itself as a
mutual impedance or coupling criterion between dipoles as in the
case of the random array, Distance between dipoles provides a
natural means for determining gross effects between dipoles and
relative orientation is another, When these criteria fail to give
a precise decision rule, a comparison of the mutual impedance to a
preset level can be made, The level or threshold used here is
defined to be a prescribed fraction of the diagonal or self im-
pedance term, This criterion is also similar to that used in the
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sparse matrix approximation for the scattering problem. Recall,

the sparse matrix approach attempts to "thin" the matrix by deciding
which elements are less important (i.e., below a certain magnitude)
and a special algorithm is used to solve the thinned matrix

problem exactly. This, however, is not the solution to the original
problem and it is for this reason that iteration may provide the
only means for finding the exact solution to the original problem
for these large cases.

The basic SOI method computes groups of closest coupled neighbors
and uses these "overlapping" groups to form a sequence of N reduced
iteration submatrices. Closeness is measured by the relative in-
fluence betwcen dipoles using the a priori criterion mentioned above.
The N iteration submatrices will in general be distinct and the jth
submatrix will be used to compute only the current on the jth dipole
(point-step). The N subsystems formed by these submatrices are each
solved by a direct technique and the scattered tangential electric
fields are computed after each iteration and compared to the in-
cident tangential electric fields as a check on the zero tangential
eleciric field boundary conditz ? along each d1po]e The same
residual mode voltage column r of Eq. (50) is proportional to the
total tangential electric fields and is used as the excitation column
for the next iteration if boundary ccwd2t1ons are not sufficiently
met. The process is continued until||r(k)||is reduced to an accept-
able level.

One possible formulation for SOI is given in the following
equations with the understanding that the overall technique cannot
be simply described by a single matrix equat1on as with the other
methods mentioned thus far. Let A(mj{mj) represent the m: x mj
iteration submatrix containing self and mutual 1mpedances for %he
jth dipole and its mj-1 most closely coupled neighbors. Tne members
of this jth subsystem (submatrix) are obtained by applying the
following condition to the jth row of A,

(56) c!ajjl < iajp! ' 250N
’

i
J

S

P
P

where ¢ is a prescribed (empirical) real constant in the range
0 < ¢ < 1. The jth subsystem at the kth step of the iteration
process is then given by

(k) - W(k=1)
(57) A(mjlmj) d (mJ) =r (mJ)
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(k-1)

(m3)
group of dipoies and d
the kth correction to the current on dipole j, i.e.,

when r is the(E; x 1 "subvector" of residuals on the jth
(

j) is a mj x 1 subvector which includes

(58) ng) = xgk-]) + dgk)

The kth iteration is complete after N subsystems of the form Eq. (57)

(j=1,2,+-+,N) have been solved and all corrections (j=1,2,+++,N)
of the form E. (58) have been made. A new residual is obtained
again by including the original A matrix and b vector in Eq. (50).

Consider a simple application of SOI to the 5 dipole array
illustrated in Fig. 49. The region ("sphere') of influence around
dipole #1 (j=1) is shown figuratively as a circle about dipole #1.
Recall, this circle actually represents the region of influence for
which Eq. (56) is satisfied for j=1 for the given value for c. The
matrix equation for this subset will be of order m=3 and for the
kth iteration this equation takes the form

- [ (k) T [ (k=1)]
aj a3 a5] |4 2
(k) _ (k-1)
(59) agy 33 35| |93 =. 13
3 (k) {k-1)
agy 353 5| | g rs |

Direct solution of this Eu?iystem yields subvector dgk) from which
the kth correction to x{ =) is obtained, i.e.,

60)  x{K) = k1) gl

Some experience is necessary in choosing constant ¢ in order that
the maximum of m; defined by

(61) max m.= M
j J

remains within the capacity of the machine and yet still yields a
convergent solution. The two extreme choices for c are ¢ = 0 and
c = 1. A1l submatrices corresponding to the choice c=0 are iden-
tically equal to the original A matrix and the first subsystem
therefore yields a total solution for x with one application of
the direct method, assuming of course the computer can do this.
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The ¢=1 choice causes SOI to degenerate to the J method since only
the diagonal terms are inverted in this case.

A potentially important modification to the SOI method is
the inclusion of a "forward scatter" (FS) model. Consider the
dipoles which are located on the far side of a very large and dense
array. These dipoles are very likely to be shadowed by those located
on the directly illuminated side of the array. Hence, an improved
"region of influence" for dipoles deep inside the array (or on the
back side) could be obtained by taking into account the well known
coherent forward scatter phenomenon which occurs along the line-
of-sight. The reasoning here is that as the incident wave passes
over these resonant dipoles (up front), the rescattered fields in
the forward direction are nearly of opposite phase tc¢ the progressing
incident wave and as this incident wave moves farther into the array,
these coherently rescattered fields begin to "buck out" the incident
wave. This everntually produces a shadowing effect on dipoles in the
deep interior and far side regions of the array.

The above concepts of FS are rather simple to grasp; however,
implementation of FS into the SOI algori h? is relatively messy.
The FS process entails checking all aiszk products which occur
on or near the line-of-sight aspect through the array toc the ith
dipole. The "up stream" jth dipoles with scatter products which
satisfy

(62) /2 < arg{aijé'j‘)} < 3n/2

are then chosen to be included in the next (k+1) subsystem (sub-
matrix) for calculating the current on dipole i. The newly
modified SOI-FS method is nonstationary since the N submatrices
will no longer be constants for ?h§ whole process. They will of
course become more constiant as x{K) nears a constant solution;
however, in general, these submatrices will be quite changeabie
in the early stages of the iteration. Also note that, the re-
sulting subsystems will be larger than for SOI alone for a given
constant ¢ and hence, implementing FS into SOI will generally
require different values for ¢ in order to maintain M in the
viable range for direct solutions. The addition of FS should,
however, improve convergence of SOI and thereby allow an in-
crease in ¢ in order to make room for the new dipoles added in
by FS.
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Figure 49, Sample random array for Sphere of Influence
iteration method.

(b) Calculated results for chaff clouds

In Chapter VI of Ref. [38] there appear a set of curves of
error bounds and condition norms for a few typical impedance
matrices arising from chaff clouds. In general, these bounds
rise with increase in dipole density and numbers, a trend which
eventually must be reckoned with if direct solutions to larger
order systems are sought. In light of this the iterative schemes
are attractive and are used here to solve for the scattering
from clouds of up to 1000 dipoles.

Numerical results presented in this section are divided into
four areas: a check case; applications of SOR iteration to the
solution of electromagnetic scattering by large clouds of thin
resonant dipoles; application of SOI iteration to the solution
of electromagnetic scattering by a small cloud of thin resonant

dipoles; comments on applications of SOR to surface patch and wire-
grid models. The appropriate equations from the preceding sections
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have been translated into FORTRAN and documented listings of these
programs appear in Appendix VI. A1l calculations were performed
with 11 digit precision on a Datacraft Model 6024 computer having
approximately 32k of real fast-access memory and 32k of virtual
(disk) memory. Cycle time for this computer is approximately 1
microsecond. Certain special programming techniques, unique to
this machine, are incorporated in the FORTRAN programs to allow
psuedo-random access to approximately 6-1/2 million (24 bit)
additional words of disk memory. Three and one-fourth million
complex numbers can be computed, then stored in a special
truncated form (6 digits) and retrieved using this technique.
Also, a special subprogram is included which computes mutual
impedances between "distant" dipoles; description and verifi-
cation of this subprogram are also given in Appendix VI. This
subprogram uses a special simplified calculation of the mutual
impedance when dipoles are spaced greater than 1x and inclusion of
this simplified calculation resulted in a computation time for the
approximately one-tenth that of the original estimate for the

N = 1000 case; estimate ~ 10 - 12 hours, actual time ~1 hour,

It is isportant to note that all the results up to this point
have assumed radially inhomogeneous densities for the clouds; in
this section, however, all the results assume randomized clouds of
uniform density.

A Check Case

Because some of the clouds treated here by iterative methods
are sc large, it is difficult to verify that the methods are
actually giving correct values for echo, since no other reliable
independent methods exist for comparison checks. Yet such checks
are imperative if one is to have some confidence in the resuilts.
To this end we chose as a check case the planar array sketched in
Fig. 50. It contains 841 resonant dipoles interlaced into a
periodic structure with average spacings between nearest neighbors
of approximately 0.57A, By the technique developed by Munk [60]
scattering from such an array can be readily obtained under the
assumption of no edge effects, i.e., the array is considered
to be a section of an infinite array. Using Munk's technique and
SOR (with w= 0,4) we have calculated the bistatic cross section
at the specular angle (6,=180°-6;) for three different incidence
angles (67=90°, 60°, 30°$ in the y-z plane. The resultiny values
of the cross section o vs iteration order are shown for the three
angles, respectively, 1in Figs. 51-53. 1In all cases these values
obtained by SOR agree very well with Munk's results, the greatest
discrepancy (-0.45 dB) appearing at the 6; = 30° incidence angle.
This disagreement is thought to be inherent in the Munk solution
Tor angles close to grazing.
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In Figs. 51-53 certain "convergence norms" are also computed
4 5 for each iterate k and displayed for comparison as quantitive meas-
. i ures of convergence. Four different norms appear in varzﬁgs fig-
& i ures of this section; three are based on the residuals r defined
by Eq. (50) and one is based on normed changes in solution x k)

similar to that defined by Eq. (52). A summary of these convergence
norms is presented in the following table.

A

N

1 TABLE 6
| J CONVERGENCE NORM DEFINITIONS
i - Norms* based on r(x) Norm based on x(k)
* j (1) (11) (111) (1Iv)
i k k -
[l e, LI A PO O S
E [ S o (3 PR ()
t LI i |b] NI |b]] iomin{|x:" |, ] x; |}

—

*See Appendix C of Ref. 38 for definitions of vector norms used.

| o1

The (I) and (IV) norms in this table were chosen strictly as re=
presentatives of the quantities appearing in Eqs. (51) and (52)
while the (1I) and (III) norms were defined with the physical prob-
tem in mind, i.e., (II) is a normalized measure of the residual
indicating the boundary condition (Eyay = 0) mismatch on one
dipole in the array and (III) is a normalized average of all
r?s;dua1s for the whole array. The (III) norm will be denoted by
e\k) in all data presented in this section. Two points should be
made here. One is that the (k) norm appears in all cases we have
calculated to be the best ba1an?e§ and most trustworthy; the

other is that the behavior of e{k) appears no different for

random arrays of dipoles than it does for the periodic array.
Since the results in cross section were very satisfactory f?r

the periodic array, we infer that the similar behavior of ¢ k)

implies satisfactory results in cross section for the random
arrays.

d e ool

(L o]

-

e

Very little information is found in the literature on
suitable choices for SOR convergence measures for large complex
system of equations such as those treated here. The convergence
norm caiculations are presented for the purpose of empirically
determining just such a measure for these types of problems,
e.g., one which might eventually be included in the computer
-LEQJ programs to indicate a reliable stopping pojnt in the iterative

" process. The normalized average residual e k) appears to possess

s =3

,
(—
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the uniform characteristics needed for this job, It also has the

interpretation of being a measure of the "average" boundary con-
dition ETAN = 0 over the whole array. Other norms considered

do not appear to indicate this same overall condition of the
iterated solution but, tend to pin-point specific residuals or
changes in the solution which, to a great extent, do not
seriously affect the array scattering properties in the far
field., Qther "averaging" norms might do as well or better

than e (K ; however, this study has concentrated on isolating
only this one case which seems to be well suited for these types
of problems.

No attempts were made in this study to determine optimum
relaxation factors for SOR, An initial choice of w was made at
the outset of each new problem and if convergence was indicated,
no changes were made; the exception is Fig. 67, where changes
were made during the same iteration run with 1ittle observable
effect.

SOR Solutions for Scattering by Large Clouds
of Chaff Elements

The SOR iteration technique is used to solve Eq. (12b) for
the currents induced in arrays of dipoles by plane wave fields
of Eqs, (II-2) and (II-3). The & polarized backscatter g and
bistatic cross section for certain bistatic angles (g = ¥ 10°
range) are calculated from these currents at each step k of the
iteration.

Figure 54 considers an initial case of 100 dipoles in the
random array configuration. The SOR technique (w = 0.6) can be
compared to solution by a direct method (Cholesky); resulting
solutions from both methods agree quite well (< 0.1 dB). This
figure also includes calculated values for the four norms
appearing in Table 6. The (II) and (IV) norms vary erratically,
although both show overall decreases over the range of k. The
({a norm and (k) both show a consistent decrease, but only
€ is "monotonic" over the wnole range.

Convergence characteristics of ¢ for a 500 dipole random
array are indicated in Fig. 55 for SOR iteration using two
values of relaxation factor, »=0.5 and w=0.4. Onlye k) was
calculated in this case. Thew=0.5 case appears to converge
faster (steeper slope on €{(k)) in the early stages (k = 1 to
k & 20), however better overall convergence was obtained for
w=0.4. Figure 56 shows a sample of the bistatic cross section
pattera for k = 10, 20 and 36. This figure “ndizates the degree
of convergence obtained in this g = ¥10° sector at the cor-
responding stage in the iteration. The convergence of the
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bistatic pattern seems to be best in the larger amplitudss
and for k > 20, major changes occur only in the null regions,

Figure 57 is the first of a series of 10 figures showing
five SOR iterated solutions (w=0.4) for a single 1000 dipole
random array (#1). These figures alternately show o back~
scatter and bistatic cross section for five aspect angles of
the incident wave. Each of these cases corresponds to a new
"b" vector for the right hand side of Eq. (12b).

Figure 57 indicates convergence of o backscatter and shows
a comparison of the (I) norm and ¢ k) for 8g = 90°, ¢o = 0°,
The (I) norm in this case has lost a]} gesemb]ance of being a
monotonically decreasing norm while e(K) continues to show a
smooth decrease with increasing k. The curve for o _backscatter
in this case converges smoothly to the value o ~ 90A2, a rather
high value for these random arrays. Figure 58 displays a portion
of the bistatic pattern (8=£10°). Here, the amplitude changes
on the peak are less than 1 dB for k > 5, while the null depth
changes are more than 10 dB over this same interval.

Figure 59 considers a new aspect angle {64=90°, ¢5 = 10°)
for the same random array. Here, o backscatter shows somewhat
irregular convergence as compared to the previous aspect; how-
ever, the same smooth decrease in e(k) is omnipresent. The
bistatic patterns for k = 6, 15, 30 and 42 of Fig. 60 indicate
considerable change is taking place over this range. The
largest changes, however, occur in the null regions and peak
amplitude regions show the lesser changes.

Figures 61 and 62 indzc?te o and bistatic patterns for
8o = 90°, ¢ = 20°. The (k) norm in Fig. 61 again shows mono-
tonic improvement-in average residuals and Fig. 62 indicates es-
sentially converged bistatic patterns for k > 15 with changes less
than 2 dB in peak smplitude and less than 3 dB in the null region.
Oscillations of o in Fig. 61 are less than plus or minus 1 dB
and decreasing for k - 25.

Figures 63 and 64 show o, e(k) and bistatic cross section
for 8g = 90°, ¢g = 30°. Fluctuations in o for k > 16 are less
than 2 dB and e?k) is again smoothly decreasing. Bistatic patterns
appear to change very little for k > 30.

Figures 65 and 66 are the last figures showing data for
large random array #1 (6o = 90°, ¢o = 40°). Convergence norms
(1) ard (IV) are included in Fig. 65 with «(k), Although, norms
(I) and /1V) do not have the smooth decrease shown by ¢ kg, it
appsars that an average curve of SIV) over s range of k wouid
repeat the trend indicated by elk), "The oscillatory nature of
o backscatter is confirmed in the bistatic pattern curves of
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Fig, 66. The final bistatic curve (k = 45) is bounded by the
k = 25 and k = 35 patterns and again, largest changes occur in the
null region.

Data in the following four figures (Figs. 67-70) were cal-
culated for a second large random array (#2) with the same average
density (8 dip/A3) and number of dipoles (N = 1000) as in the
previous case. The new array was generated with a new initiali-
zation of the random positioning programs. The two cases con—
s1der8d for %h1s new array correspond to aspect angles 8, = 90°,
g = ° and 10°

Figure 67 shows o and e( ) data calculated for 65 = 90°,
¢o = 0° case and Fig. 68 presents the corresponding b1stat1c pat—
terns. Four values of relaxation factor (w = 0.4, 0.35, 0.3 and
0.25) were used in this case with the initial iteration performed
with w = 0.4. The results for v = 0.4 are indicated in Fig, 67
by the marginally convergent curve. The iteration was then re-
started (k = 1) with w = 0.35 and continued through k = 12; at
which time, w was changed and the iteration carried out to k = 30
for w = 0.3; then w was again changed this time to w = 0.25 and
the process carried out to the final iteration k = 61. The
reason for changing w during the same iteration run was an
attempt to isolate variations, if any, in €(k) which might cor-
respond to different values of w, No recognizable changes were
noted; in fact, the iteration appeared to be converged for all
k> 30 (o = 0.3, 0.25) and the bistatic patterns in Fig, 68
confirm this to a great extent.

A second aspect angle (g9 = 90°, ¢o = 10°) is considered
in Figs. 69 and 70. Here, SOR was restarted three times for
random array #2 with y = 0.3, 0.25 and 0.2. The two cases

= 0.3 and 0.25 were not convergent as Fig. 69 shows and w had
to be reduced to y = 0.2 to obtain the one convergent case
indicated in the figure. Figure 70 shows bistatic patterns
for k = 20, 30 and 36 for the converging case. The largest
changes in these patterns again occur in the null regions.

Three additional figures are included in this section
(Figs. 71, 72, and 73) comparing convergence characteristics of
o backscatter. <g> (the bistatic cross section average over

110°) and o7 (total scatter cross section from the forward
scatter1ng theorem reviewed in Appendix K). Figure 71
preseints oT and <g> with thea curve previously calculated in
Fig. 57. The bistatic average <¢g> in this case shows little,
if any, improvement over the original ¢ curve; however, oT is
converged as early as k = 5. The rapid convergence of oT
indicates that apparently the total power scattered in all
directions by the random array is insensitive to the computed
currents, compared to either ¢ or <o>.
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Figure 72 illustrates oy, <o>, and the previously computed
o data from Fig. 59. The average <o> in this case does smooth
out the large dip in the vicinity of k = 6, however, its
overall convergence characteristics are no improvement over
o (unaveraged). Total cross section o for k > 5 has converged
to very nearly the same final ay value in the previous figure
(same array).

Values of o7 and <o> are compared in Fig. 73 with o from
Fig, 69 for random array #2, Both ¢ and <o> in this case have
similar characteristics, however, neither one shows significant
improvement in convergence rate over the other. Note, the con-
verged o7 for this new case (array #2) is essentially the same
as that obtained for random array #1).

An important result brought out by all these data is that
convergence rates for many cases appear to be functions of ex-
citation; i.e., given matrix A (e.g., random array #1),wopt
will vary with "b", This is even more apparent for random
array #2 where one value of w gave convergence for the first
angle (v = 0.25), but was not sufficient to give convergence
at the second aspect angle. This particular characteristic of
SOR solutions to these EM problems merit further investigation.

Much of the o backscatter data presented in these figures
indicates a rather wide range of convergence rates for o; yet,
many of these same cases have very similar characteristics in
e(k¥. These same cases often have apparently well converged
bistatic patterns with most readjustments occuring in the "null"
amplitudes beyond certain values for k. However, the o back-
scatter curves sometimes still exhibit considerable instability
in spite of the above signs. A probable cause for this wide
range in convergence rates for o is the slope of the o back-
scatter pattern at the desired aspect angle; e.g., if the aspect
corresponds to a relatively flat amplitude portion of the o pat-
tern, then convergence of o will more than likely appear in fewer
iterations. (A major exception to this viewpoint is the rapid con-
vergence of o for the large periodic array. Here, the reason for
fast convergence is probably not due so much to the flatness of
the pattern as to the generally reduced maqgnitudes of the off-
diagonal elements of matrix A. Convergence rates of o for random
arrays having lesser volume densities of dipoles would certainly be
faster for this same reason.) The chosen aspect angle for random
arrays can often unknowingly correspond to a steep skirt or be
near a null (cusp) in the o backscatter pattern and the slightest
changes in calculated currents will cause pronounced changes in the
iterated o curves. If, however, these same o curves are accompanied
by smooth monotonically decreasing eik)'s, then these iterated
solutions can still in some average sense be assumed to be nearing
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the true solution. This implies that averages ofo-, over many
seemingly converged cases, might actually be good approximations
of the true averages if 0" were known exactly. A great deal moie
data is obviously needed to confirm or deny this relationship.
However, if this should be the casc, many of the statistics of
for these large rather dense random arrays could be calculated
without requiring rigorous convergence of the iterative technique
to the exact solution.

There are certain distinct characteristics which keep re-
appearing in these iterated solutions for the 1000 dipole random
arrays: namely, rapid convergence of o7 and the relative stability
of angular positions of peaks and nulls in the bistatic patterns.
A sample calculation of the half power beam width for a uniformly
excited circular aperture with the same projected area as the
1000 dipole array (~12012) resu’ts in an approximate 9° beam
width. The half power beam widths of peaks appearing in the
bistatic patterns interestingly enough consistently fall in the 6°
- 10° range. These characteristics are undoubtedly related to the
fundamental size and density of these arrays. Further investi-
gations of these relationships and of overall o backscatter
statistics appears to be warranted.

S0l Iteration Solution for Scattering by a Small
Cloud of Chaff Elements

The newly derived SOI technique introduced previously is
used here to solve Eq. (12b) for a 100 dipole (8 dip/»3) random
array. The results are shown in Fig. 74 where the two sets of
curves correspond to two values of influence coefficient C. The
direct solution obtained by Cholesky's method is also indicated.
Computations corresponding to C = 0.2 required approximately 30
seconds per iteration and used a 14 x 14 maximum iubmatrix size.
Convergence of o in this case was irregular and e increased
for k > 16. Computations for C = 0.1 required a maximum 44 x 44
submatrix and 150 sec/iteration and cgnvergence in this case
took fewer iterations (k ~ 7) and e(k) exhibited a pronounced
decrease over this same range.

Figure 75 is included here for comparison of SOI with SOR.
The SOR iteration is used in this case to solve the saTe system
of equations as for the above SOI method. The ¢ and ¢ k) data for
three relaxation factors are shown; w = 0.7 was a divergent case,
w = 0.6 converged in the fewest number of steps and = 0.5 con~
verged, but required more jterations than w = 0.6. Iteration
time for SOR (N = 100) was approximately nine seconds per itera-
tion - a considerable improvement in time over SOI. The SOI
algorithm is extremely inefficient compared to the simple form
of SOR and for comparable rates of convergence, SOR is estimated
to be approximately 15 times faster.
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The direct solution to the above case required approximately
44 seconds while SOR took 90 seconds (k = 10, w = 0.6§ to solve the
same system. Recall, however, that the number of computations
(multiplications) in Cholesky's direct method goes up as ~1/6 N3,
while SOR used ~N2 computations per iteration; therefore, if the
number of iterations required to achieve the desired accuracy is

< 1/6 N, then the SOR iteration will have a time advantage, even
over the direct method.

Comments on the Applications of SOR to
Surface Patch and Wire-Grid Models

Calculations using the SOR technique to solve Eq. (12b) for
a surface patch-modeled flat plate and wire-grid modeled circular
Toop (polygon loop) have been unsuccessfui, even for trivially
small cases using a 12-mode surface patch-riodeled square plate
(* x 2) and a 10-mode wire-grid modeled loop {(0.3\ radius).
Both types of modeling used the overlapping type modes, cosines
for the plate and piecewise sinusoids for the loop. The apparent
numerical difficulty arises in the large magnitudes of the over-
lapping mutual impedances; these mutuals are, in fact, almost as
large in magnitude as the self impedances positioned on the main
diagonal of A. Hence, it appears that if off-diagonal terms in
rows of A are almost as large in magnitude as the self term, then
the SOR method fails to cunverge for all w. A modified approach
which may be worth investigating is a hybrid iteration technique
probably combining SOI with SOR. The method would again be based
on solving small systems of equations directly (SOI) but then using
these current solutions to up-date other currents in the the cor-
responding “Sphere of Influence". This could be considered another
form of "overlapping" block iteration.

D, The Question of Closer Spacings

In all the work described so far, the reader will notice that
we have not discussed clouds with average spacings, d/A, less than
0.5, or in other words, clouds with average dipole densities greater
than 8/13. Here we mean "average density" in the sense of Appendix
I1I, which implies that, for the kind of radially inhomogeneous
clouds we assumed in the majority of cases, the actual dipole
densities in the center of the cloud can be as high as 24/A3.

(For the uniform clouds discussed in the previous section, of
course, the average dipole densities apply throughout the cloud.)
Considering that each dipole is almost A/2 in length these numbers
should convey the impression of a rather tightly packed cloud with
many elements very close at their closest points. It was this
proximity which led us to be cautious and question the validity
of our algorithm for obtaining the currents on dipoles in clouds
with d/x < 0.5 on the average. In our algorithm we assume that
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each wire is divided into two (P=2) equal segments which support
one (P-1) piecewise sinusoidal current mode. This assumption forces
the effects of coupling from nearby wires to reside only in the
complex amplitude of the current mode -~ coupling cannot change the
shape of this single current mode. For two wires which approach
each other very closely, except in very special relative orientations,
we suspect that the true situation demands a change in the shape of
the current distribution as well, meaning that the wires should be
divided into more segments P>2), thereby supporting more than one
piecewise sinusoidal mode tnereby allowing flexibility in current
shape. This is easily done and is provided for in our computer
programs; however, doing so has the undesirable effect of reducing
the number of wires allowed in a cloud, the impedance matrix size
being fixed. We investigated the validity of our two-segment model
with increasing cloud densities in the hope that it would hold up
for denser clouds than those represented by d/x» = 0,5. This section
presents some of our findings.

In order to investigate the question of closer spacings we
calculated spatial average backscattering cross sections using
three variants of the Richmond reaction matching technique:

(1) Two-segment model with 12 point numerical integration. This
variant is the one used for essentially all the results pro-
duced under this contract. In it, each dipole is divided into
two segments supporting piecewise-sinusoidal currents whose
reaction integrals are performed approximately using a 12 point
numerical integration routine,

(2) Two-segment model with exact integration. This variant is
similar to (1) but the reaction integrals are expressed
analytically in closed form and are evaluated exactly.
This method is superior to (1) in precision, is equivalent
to (1) in required computer memory, but takes more time
(about 60% more time, it turns out).

(3) Four-segment model with exact integration. This variant
models each dipole with four segments, thereby allowing
a more precise resolution of the induced current on the
dipole than is possible with the two-segment model. The
currenis on each segment are integrated exactly. This
method is the most precise of the three, but it requires
nine times the computer memory required by the two-segment
models and a great deal more computer time. Thus, whereas
we can solve for 200 dipole clouds with two segment models
we could solve for only 22 dipole clouds using a four-seg-
ment model,
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We assumed inhomogeneous clouds containing N=10 dipoles and cal-
culated the average backscattering cross section of each (averaged
over the usual 512 different aspect angles around a great circle
in V=V and H-H polarizations). Twenty clouds were randomly
generated for each spacing d/» = 0.5 and 0.25 and results for each
were calculated using the three variants discussed above. Typical
results of these calculations are presented in Table 7.

The conclusions derived from Table 7 may be summarized as follows:

(1) For d/A» = 0.5, all three methods give results in close
agreement. Thus, we have some assurance that the model
we have been using heretofore (the two-segment model
with numerical integration) is sufficiently accurate.

(2) For d/x = 0.25, the two-segment model with exact in-
tegration appears to correlate better with the four-
segment model, although the model with numerical in-
tegration really does not perform badly at all. To be
safe, however, we suggest use of the two-segment model
with exact integration for average spacings less than
0.5 at the expense of 60% more computation time.

The three reaction matching variants described above were also
used to generate (using the Wright-Patterson Air Force Base computer)
pattern functions of six inhomogeneous, 50 dipole clouds - three with
d/x = 0,25 and three with d/x = 0.125. The results are plotted in
Figs. 76-93. From these patterns it appears that for the larger
average spacing, a two segment, exact integration model is adequate
to obtain good scattering patterns, but for the smaller average
spacing, even the four segment, exact integration model has not
clearly converged. in its pattern function. We feel that for average
spacings less than 0.25x(i.e., 64/22 density) in the inhomogeneous
clouds assumed here, the algorithms presented in this report are not
reiiable.

One additional study which was made involved the statistics of
the echo from 200 clouds, each composed of only two dipoles randomly
spaced and oriented in the usual manner. From these clouds we
generated histograms of the backscattering cross section at one
look-angle and the backscattering cross section averaged over 512
look angles. For the case where the average spacing wes d/x = 1.43
(Fig. 94 gives the statistical distribution of the spacing), the
relative frequencies of the cross sections averaged over 512 look
angles, with and without coupling, are given in Figs. 95a,b, re-
spectively. Relative frequencies based on 1 look angle are
given in Figs. 96a,b. Note that, although the averages derived
in Figs. 95 and 96 are consistent, the distributions are dif-
ferent, the data for 1 look angle being more spread out. For
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the 512 look angle case, the appearance of an exponential distri«
bution is clearer.

dipoles exhibit similar histograms, as expected with an average

spacing as large as1.43x,

N
d

Cloud
Number

Q=
—

e

inn OWONIITTAWN —

OWOWONOHLEWN —

10 dipoles

1.080880
1.139636
1.124152
1.789712
0.861137
1,293543
0.489466
1.070567
0.902232
0.649599

10 dipoles

0.657790
0.680643
0.680060
0.575100
0.468432
0.835393
0.337658
0.566090
0,681035
0.306615

TABLE 7

Two-Segment Model
Numerical Integration Exact Integration

1.080899
1.243639
1.131229
1.789627
0.861061
1.,444584
0.469862
1.070436
0.901733
0.620836

0.651528
0.741439
0.686915
0.53224

0.476924
0.989235
0.298744
0.565526
0.872147
0,314593
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In both cases, the coupled and uncoupled

Four-Segment Model
Exact Integration

1.068370
1.277114
1.130523
1.745001
0.893994
1,442656
0.460119
1.070025
0.904238
0.617651

0.647247
0.745068
0.669449
0.536879
0.477237
1.001033
0.294067
0.537847

0.851511
0.311840
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Figure 94. Histogram of the center-to-center distances of
random two-dipole clouds. Average spacing
d/) ~ 1.43.

If a very small average spacing is assumed, and accordingly, a
4-segment model with exact integration is used for each dipole, the
curves of Figs. 97-98 result. Figure 97 is the distribution of the
spacing, with the rather small value of average spacing d/x = 0.286.
Fiqures 98a,b present the relative frequencies of the cross sections
averages over 512 look angles with and without coupling, Again, the
exponential trend of the histograms is evident.

From Figs. 95b and 98b, for the two dipoles uncoupled, we note
that for far spacings, the average echo is about 2<oy> or about 0.35)2,
whereas for close spacing the average echo exceeds this {~0.4722).
This is expected because for such a close average spacing the two
dipoles cannot be excited incoherently and their echo therefore lies
above that ‘or totally incoherent scatterers. This effect for two
dipoles variously spaced is shown in Fig. 99. The 2<0q¢> law does not :
appear to be reached until d/x ~ 1.4. For clouds containing larger :
numbers of uncoupled dipoles, the Timit N<og> is expected to be :
reached for smailer spacings due to the larger overall extent of the

clouds. :
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Figure 95, Histograms of the spatially averaged radar cross E
sections of the clouds generated for Fig. 94:
(a) with coupling (b) with no coupling. i
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Figure 97. Histogram of the center-to-center distance of

random two-dipole clouds, Average spacing
d/x ~ 0,29,

From Figs. 95a and 98a, for the two dipeles coupled, we see a
trend consistent with what has been said in the above paragraph,
These figures show an average cross section of ~0.25A2 for both the
far-spaced and the near-spaced dipoles, seemingly violating the
earlier conclusion that the near-spaced dipoles, because they are
more strongly coupled, should present a smaller average cross
section than do the far-spaced dipoles. What we are seeing how-
ever is the effect of cohere.t excitation due to the close
proximity of the wires, an effect which increases the average cross
section, It is not increased as high as the uncoupled wires, how-
ever, due to the coupling which tends to reduce the average cross
section, and so ends up with a value which in our example happens
to about equal that for the coupled wires with larger spacing,

146

i
oy s




YRGS M e

[

(3

40—~
RCS WITH COUPLING
30~ <o> +0.2550 At
o
=
s
o 20 [
w
[+ 1 m
Li i
10} =
oL l 1
0 0.2 0.4 o,s(o_ 0.8
o —
30 ™ RCS WITHOUT COUPLING
> <o> s 0.4739 22
> N
= -
w
3 20} L
w
@x
L - |
o] ==
0 _ R I ===
0 0.2 0.4 0.6 0.8 1.0 1.2 1
<o 1
(b) “om>

Figure 98. Histograms of the spatially averaged rqdar Ccross
sections of the clouds geperated for E1g. 97.
(a) with coupling (b) with no coupling,

147




08—

0.3

<o>

0.2

0.2 0.4 0.6 0.8 1.0 1.2 1.4
CENTER-TO-CENTER DISTANCE 4/,

Ficure 99. Average cross section of random two-dipole clouds

as a function of average center-to-center spacing
between dipoles.

E. The Question of Mixed Lengths

Tenuous chaff clouds consisting of wires of identical length
resonating at about a half wavelength display a bandwidth of about
20%, or somewhat greater for denser clouds (see Fig, 15!. Threats
which are expected over a greater bandwidth than this demand the use
of a variety of wire lengths within the same chaff cloud. This
poses the question, what is the influence of coupling on chaff
elements of mixed lengths? If the bandwidth ratio of interest

is 10 to 1 for example, at the low end of the spectrum some wires
will be 0.05 Along and others will be 0.5x long. At the high end
of the spectrum, some wires will be 0.5x long and others will be
51 long. The first case presents little difficulty - the shorter
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{ | W wires are very ineffective scatterers, coupled only weakly to

’ nearby neighbors and their presence can be ignored to a very good
approximation. The second case does present problems, nowever,
because the larger wires require a large number of segments to
model them accurately. This has the undesirable effect of reducing
the total number of wires permitted in a cloud, assuming a fixed
matrix size.

b During the period of this contract, we made a brief investigation

B of small clouds containing wires of two lengths, 0.475x and 0.703x long.

o The shorter wires were resonant, each one in isolation having a maximum
tumble average cross section of about <oy> "~ 0.1522; the longer wires

{ were antiresonant, each one in isolation having a minimum tumble average

? cross section of about <op> ~ 0.03832 [61]. These two lengths were

purposely chosen to take advantage of their maximum disparity in tumble

average echo. Four curves, shown in Figs. 100-103, were generated,

i each showing the calculated averaged backscattering cross section <op>

v of clouds containing N = 2, 4, 6, and 8 wires, averaging being over

512 look angles in the 6-6 and ¢-¢ polarizations of transmitter and

receiver. Ten clouds, each with these numbers nf wires, were calcu-

lated and the <op> of each are plotted as a dot. The ensemble average

of these ten values are plotted as a cross. Four different values of

average spacing, d/x = 4.0, 1.0, 0.5, 0.25, as defined for inhomgeneous

clouds, were assumed, and in all cases equal numbers N1=N2=N/2 of

wires of the two lengths were assumed. On each of the curves, the

straight line Nj<oy>+Np<op> vs N appears in order to give the reader

an estimate for the average echo in the absence of coupling. The

trends are the same as those cbserved in previous work treating clouds

of identical resonant wires. Average echo is reduced by coupiing but

not by as large a nercentage as in the case where all wires are

resonant. For example, for d/x = 0.5, if all N wires are resonant,

one expects the average echo of N wires with coupling to be about 60% of

that with these same wires uncoupled. If, however, the N wires are half

resonant and half antiresonant, one can expect the average echo of the N

wire mixture to be about 76% of that with the same wires uncoupled.

Evidently, the antiresonant dipoles, whose tumble average echo

% is naturally low, are not so severely influenced by coupling.

ey g

AT
e

el The computer program used to generate data for multiple length
5ﬁ45§~ 1: chaff is given in Appendix D.
?_ﬁjif F. Additional Experimental Results
¢ _3--.' 3
%; % During the earlier phases of this program a few experiments

)

&l

were performed to gather data, to check, or to complement calculated
data. Some of the results of these experiments have already been
presented where appropriate; in this section we document whatever
other experimental data were recorded.
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1.2}— ( AVERAGE SPACING = 4\ )
N' = Nz s N/z

N <o >+N, <0p>

AVERAGE BACKSCATTER <om> ()\2)

0 2 4 6 8 10 2
NUMBER OF DIPOLES (N)
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£

Figure 100, Calculated average backscattering cross sections for
ensembles of clouds containing equal numbers of two .
wire lengths, 27/ =0.495, 2o/ =0.703, with average E
spacing d/A=4,0, Straight ?ine represents decoupled
dipoles, crosses are averages of the data.
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Calculated average backscattering cross sections for
ensembles of clouds containing equal numbers of two
wire lengths, 21/ =0.495, 29/ =0.703, with average
spacing d/x=1,0, Straight %ine represents decoupled
dinoles, crosses are averages of tho data.
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i t !
o/ _l l | |
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4 6 8 0 12
NUMBER OF DIPOLES (N) E-

Calculated average backscattering cross sections for
ensembles of clouds containing equal numbers of two

wire lengths, 21/ =0.495, 22/ =0.703, with average ,;
spacing d/2=0,5. Straight line represents decoupled
dipoles, crosses are averages of the data. {
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Calculated average backscattering cross sections for
ensembles of clouds containing equal numbers of two
wire lengths, 27/ =0.495, 22/ =0.703, with average
Straight line represents decoupled
dipoles, crosses are averages of the data.
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(1) Experimental Verification

It is important to verify that the data calculated by computer
are indeed good approximations to what would be measured in controlled
laboratory experiments. Such experiments were performed on selected
frozen models whch were considered to be severe tests of the com-
puter predictions. Figures 104 and 105 show photographs of a matrix
of 125 carefully dimensional 2.0" x 2.0" styrofoam cubes. Each
cube can have embedded in it (by means of ar accurately machined
jig) a rod, located near one edge. By orienting each cube in one of
12 different possible positions and placing it in a styrofoam box,

a cloud of 125 dipoles can be built up. Ailthough this scheme does
not allow all possible orientaticns of the dipoles, there is a suf-
ficient variety of orientations and spacings to create a rather
aperiodic structure.

The most severe test of the accuracy of the computer routines
is to compare experimental and calculated backscattering patterns
(using full matrix Scrout) when all dipoles are oriented parallel in a
regular periodic array and closely spaced. Results for two such cases
are presented in Figs. 106 and 107 for 27 dipoles and 125 dipoles,
respectively. In both cases all dipoles were horizontal and the
backscattering cross sections for horizontal polarizations of trans-
mitter and receiver were recorded in a norizontal 360° cut around the
cloud, A frequency of 3,13 GHz was chosen to bring each dipole to its
free space resonance, and caused a spacing hetween adjacent dipoles
of d/» = 0.53. Typical disparities of about 2 dB are evident, but
the overall pattern is well predicted. .Some of the disparity is
due to imperfections in the mathematical model and round off error,
but most of the error is caused by errors in measurement. We made
several experimental runs, tearing the cloud apart and reconstructing
it as identically as possible between each run, and found that the
experimental data had a variance which enclosed the calculated
curves, This convinced us that the computer routines are accurate
and the data based on them are as valid as if measured. Another 27-
dipole cloud was constructed with the dipoles randomly oriented with
an average spacing of d/x» = 0.53. Calculated and measured results are
shown in Fig, 108 and again they compare very well.

In the above experiments, the 125-cube styrofoam matrix without
dipoles had an echo below the internal noise level of the measuring
system.

(2) Extinction Measurements Through an
Artificial Chaff Cloud

A beam proceeding through a random medium such as a chaff cloud

suffers energy loss through scattering by each particle into directions
other than forward and into polarizations other than incident. This
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Figure 105. Styrofoam cubes in styrofoan box for creating
a cloud of dipoles.
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extinction of the beam is important to chaff cloud investigations
because, clearly, if it causes a significant diminution of energy
toward the rear of the cloud, chaff elements there will be relatively
ineffective contributors to backscatter and might be better used
elsewhere. To observe extinction and extinction rate through a chaff
cloud as functions of dipole density is therefore of interest to us.
However, to obtain significant extinction requires a sizeable cloud
containing thousands of dipoles, and considering that the problem

is a statistical one in which many similar clouds must be generated
to obtain averages, the computer generation of extinction data
becomes a formidihle task. Moreover, in the early part of this
program we did not have the capability of generating such large
clouds, so we turned to a few experiments to observe the extinction
through artificial chaff clouds. In this section we document some

of the results of these experiments.

Figures 109-112 show the average insertion loss observed
between a horn antenna and a receiving dipole probe situated in
various line-of-sight positions within a medium of tumbling resonant
dipoles. The dipoles were enclosed in a wooden "box", 30" long in
the direction of propagation and having a 24" square cross section,
with foam "windows" at both ends and hairflex absorber (or aluminum
foil) 1ining on the other four walls. The box was subrorted on
circular rims such that it could be rotated continuously about the
1ine-of-sight axis, thereby tumbling its contents in a random manner,
The dipole probe, encapsulated in a protective foam sphere, was
drawn along the line-of-sight from the front window to the rear one
along a slender dielectric-tube containing the coaxial line exiting
through the rear window and feeding the receiver. A horn antenna
disposed about 33" from the front window served as the illuminating
source. The signal received from the probe was measured for several
minutes duration of tumbling and averaged over this time period for
selected probe positions between the windows.

The curves shown in Figs. 109-112 show the averaged difference
(in dB) between the received signals without and with dipoles in the
box, i.e., insertion loss, for polarization of the probe parallel to
and orthogonal to the incident linearly polarized wave, Ideally,
this differencing scheme should remove the effect of range on energy
decrease and leave only the extinction due to particle scattering.
A11 data were taken at about 2.9 GHz. Figure 109 shows results for
1000 resonant dipoles (nails), each one encapsulated completely
in a 2.38" foam sphere. Figure 110 shows results for 1000 resonant
dipoles (copper wire), each one encapsulated completely in a 2"
diameter foam sphere, tumbled together with 850 free dipoles.
Figure 111 shows results for +3200 resonant dipoles (nails) in
1-1/2" foam spheres while Fig. 112 shows resnlts for~ 7200 resonant
dipoles (nails) in 1" foam spheres. (In these latter two cases the
dipoles protruded outside the spheres.) The effects of progressively
higher dipole densities is evident in the progressively increasing
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Measured insertion loss of same-sense and cross-sense
polarizations for 1000 resonant dipoles encapsulated
in 2,38" foam spheres, f ~ 2,9 GHz,
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Figure 110, Measured insertion loss of same-sense and cross-sense
polarizations for 1000 resonant dipoles encapsulated
in 2" foam spheres, plus 250 free dipoles. f ™ 2.9 GHz.
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Figure 112, Measured insertian loss of same-sense and cross-sense
polarizations for ~7200 resonant dipoles encapsulated
in 1" foam spheres. f ~ 2.9 GHz,
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extinction rates shown in this sequence of figures. Some standing
wave effects between the windows are also evident in the non-
monotonically decreasing character of the curves. Averaging this
undesired effect out, one observes extinclion rates which are higher
in the region within 3 or 4 wavelengths of the front interface than
they are deeper in the cloud. Deep in the cloud the parallel and
orthogonally polarized components exhibit the same extinction rates
as well as the same extinction. This is to be expected because deep
in the cloud the incident wave has been so severely depolarized by
the many random scattering interactions that no polarization pref-
erence exists. Table 8 1ists the approximate extinction rates deep
in the cloud.

TABLE 8
EXPERIMENTALLY DETERMINED EXTINCTION RATES
Fig. No. Density (dip/A3) Extinction rate (dB/))
109 v b 2.9
110 n 7 3
11 v 9 n3.,6
112 "2 6

The dipole densities listed here are rough estimates.

Some additional tests were performed with metal sheets covering
two and then four of the hairflex-coated walls. Energy scattered by
the particles out of the incident beam into the walls is absorbed
there if all walls are hairflex. This would simulate a cloud
smaller in transverse extent than the incident beamwidth, any energy
exiting the sides of the cloud being lost to space. Energy scattered
by the particles out of the incident beam into the walls is reflected
back into the beam if all the walls are metal., This would simulate
a very large cloud illuminated by a plane wave. As expected, the
extinction rate was reduced in this latter case; for example, in one
set of tests the observed rates deep in the clouds were 4.1 dB/A,

3 dB/A, and 1.8 dB/x with 0, 2, and 4 walls covered with metal,
respectively.
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(3) Scattering from Touching Chaff Elements

A series of measurements were made of the¢ radar backscatter
from 4" foam spheres sprinkled with aluminum strip chaff and
aluminized glass chaff provided by the Avionics Laboratory. Figures
113+116 relate to the aluminum strip chaff and Figs. 117 and 118
relate to the glass chaff. In all figures, the solid curves represent
the echo of a 4" foam sphere silver-painted (its imperfect surface
explaining the echo fluctuations with 360° of rotation). The other
curves represent foam spheres coated with the chaff elements, Each
figure presents two such curves, for two 360° cuts about the sphere,
each labelled with the curve average in A2,

The chaff elements were applied by sprinkling them randomly upon
a sphere made tacky with a spray solvent. The aluminum strip chaff
density was quite Tow - on the order of a 100 elements distributed
over the whole surface. (A surface density of about 0.5 dipole/A2.)
They were 1.5 cm Tong, implying resonance of an individual dipole at
about 9.5 GHz. Because so few elements touched, the sequence of
curves (Figs. 113-116) show a resonance effect about this same
frequency. The average echo at resonance (9.53 GHz) was on the
order of 6.612, about equal to the cross section of a solid metal
sphere. It's also about equal to 50 (i.e., one half the total
number of dipoles) times the tumble average cross section of a
single dipole at resonaiice, giving the impression that the front
hemisphere looks almost 1ike a solid metal hemisphere, shielding
the elements on the back hemisohere. A short effort (described
in a monthly letter to the sponsor) was devoted to investigating
this shielding effect, but results were inconclusive.

G, The Aircraft-Chaff-Tracker
Interaction Problem

During the last menth of the contract, the sponsor supported
an effort to computer-simulate the interaction of a combined aircraft-
chaff cloud target with a split-gate missile tracking radar., Because
the research effort is concurrent with the writing of this final
repert, only its general outline is described here. Details are
presented in Appendix G. : >

A computer software routine has been developed which
presents on a CRT the simulated aircraft radar plot of both the
PPI indicator and a height finding indicator. Relative orienta-
tion of both aircraft and missile are displayed as a visual aid,
Evasive aircraft maneuvers in all three dimensions and in time
incorporating preselected aircraft response characteristics (due
to inertia and stress limitations) can _ controlled by the operator.
Chaff clouds are deployed at will by action of the operator. The
missile radar, incorporating eiither a split-gate range tracker or a
leading edge range tracker with selected gate width and time response,
dictates the trajectory of the missile under selected time response.
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characteristics of the angle tracker and missile inertial system.

(This program includes a missile velocity increase with time and

variable maneuverability with altitude and shift of its center of

gravity with burn.) Presently, the aircraft presents to the radar

an echo composed of three Gaussian pulses of selected durations

and amplitudes. Also, deployed chaff clouds remai~ fixed in space

(but fall behind the aircraft as the aircraft move: ahead) and

present to the tracker an echo which remains constant in time and

i aspect. The integrated radar signal returned from the ajircraft

F and chaff clouds, if any are present, is calculated as a function

E lj of time and relative missile position and compared with an assumed

i thermal noise signal. If the resulting signal-to-noise ratio dips

E below a selected threshold, break-lock conditions apply and the

[] missile continues on a ballistic flight. Presently, a numerical

- printout i3 made of the time-space-S/N history of assumed tactical
manuevers. This is difficult to interpret at a glance, so some

{f consideration is being given tc a graphical plot of the same data

: } so that successful tactics can be discerned and modified easily

3 and quickly. Also the data will be taped for later retrieval and

. { analysis. A sketch of this work is given in Appendix G.

e[

Ultimatcly, the success of the effort described to simulate
the radar interaction problem depends upon the validity of the
{ input data, i.e., good radar echo from aircraft and chaff clouds
as functions of aspect and time, accurate dynamic response char-
- acteristics of the aircraft and missile and of the radar, and
b I 1 realistic tactical maneuvers. It is toward this goal that the

present chaff contract and complementary ones are directed.

"
"3 LJ
P ¥

ki 4'\‘

" .

;;““‘h‘ ; -
R

o t

By A .
W

s “., It

Es ¥

e o -
iy e

ié.'?‘ 't
B " -
R /

s, 5

L
ot

167

z &
G == 3

-

- I e, y
o e, L L ST " )



Radar cross section vs 360° of rotation of 1.5 cm A2 chaff on 4" foam sphere,

8.3 GHz
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Radar cross section vs 360° of rotation of 1.5 cm AL chaff on 4" foam sphere,

Figure 115,
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III. DISCUSSION

Using the frozen model of a chaff cloud together with an
experimentally verified computer routine we conclude that for
clouds of up to 200 coupled resonant dipoles, the backscattering
cross section is, on the average, reduced from that predicted by
uncoupled theory when the average dipole spacing falls below 2
wavelengths. It is important to remind the reader that these con-
clusions are based upon data calculated for inhomogeneous clouds,
i.e., spherical clouds whose dipole number density varied along the
radial direction according to a Gaussian function. The array
dipole spacings were maximum at the center of the cloud and equal
to about 1/3 those of the average dipole spacings defined and used
here. Dipole orientations were always assumed equally likely.
Using data gathered for all such clouds containing up to 30 dipoles,
the ratios of the average backscattering cross section calculated with
coupling to that calculated without coupling are summarized in Fig. 119
for average dipole spacings down to 0.5 wavelengths. It appears that at
an average spacing of about 0.4 wavelengths the average radar return can
be expected to be reduced about 3 dB by coupling effects. We have not
included spacings smaller than 0.5 because approximations concerning
the coupling terms in the computer routine come into question beyond
this point. More exact relations are available if needed and are
discussed in this report (see below), but they require more time and
expense to implement on the computer. Moreover, closer spacings in-
¢crease the probability that more and more dipoles touch, a feature
which can be incorporated into the computer but not without some en-
cumberance.

Although less data were gathered for bistatic angles up to 135°
(a1l of it experimental), both same-sense and crossed-sense linear
polarizations showed trends similar to backscatter - closer average
spacings effected reduced cross sections. In addition, several fre-
quency runs by computer showed that even at tfe smallest average
spacing of 0.5 wavelength the dipole resonance frequency remains
essentially unchanged from the free space resonance frequency. For
the spacings investigated, apparently the loading effects on a typical
dipole in the cloud due to all of its neighbors essentially influence
only the amplitude of the current and not its shape, thereby causing
reduced scatter but maintaining about the same resonance frequency.
Thus, we conclude that for average spacings down to 0.5X (~ 8 dipoles/
23) each chaff element should be cut to its free-space resonant length
to achieve best performance from the cloud.

In additional scattering measurements, some effect was devoted
to an experimental evaluation of the extinction through a cloud of
dipoles, averaged over time as the dipoles were set into motion, In
this report curves are presented of the insertion loss incurred by the
presence of the dipoles as functions of depth and for several densities.
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A table summarizing the extinction rates is given on page 165. These
rates indicate a rather rapid extinction of energy as the wave proceeds
into the cloud, even for rather tenuous clouds. Thus, if one is to
design efficient chaff clouds, i.e., place the chaff dipoles where they
will create the most effective echo, it is important to account for the
effect of extinction and to predict it. Other experiments were
performed to obtain backscattering patterns for a range of frequencies
of foam spheres covered with aluminum and glass-chaff. The patterns
show that at the resonance frequency of the individual dipoles, the
sphere displays an average cross section essentially the same as

that of conducting sphere of the same size, even when the dipoles are
rather sparsely distributed over the sphere surface.

A study was made of clouds with dipoles spaced on the average less
than 0.51 - down to 0. 1251 - to investigate the accuracy of the two-
segment model employed in almost all the cases discussed here. It was
found that the 2-segment model appeared satisfactory down to average
spacings of 0.25x if an exact (rather than a 12-point Gaussian) in-
tegration was employed to find the mutual impedances. A peralty of a
60% increase in calculation time was incurred, however. For average
spacings as small as 0.125x, even a four segment model with exact
integration did not yield sufficiently stable results. Thus, the
programs presented in this report are not considered reliable for in-
homogeneous clouds with average spacings less than 0.25x. Of course,
the programs can easily be modified to increase segmentation but the
resulting consumption of rapid-access memory becomes intolerable.

A small amount of data were calculated for clouds containing two
chaff lengths and the results show the same effect of coupling as was
observed with single length chaff. It appears though that the elements
which have a lower tumble average cross section (because they are anti-
resonant) are less influenced by mutual coupling. Not enough data were
accumulated to give an empirical mixture rule to estimate the average
cross section of any combination of any two element lengths.

In order to extend our capability to calculate radar cross sections
of clouds with more than 200 dipoles without exceeding the fast access
memory capabilities of even the largest computers two investigations
were initiated. One of the use of the sparse matrix technique. This
method takes into account the physical fact that dipoles which are
electrically far apart in the cloud are only weakly coupled; this in
turn implies that many elements of the impedance metrix relating the
fields and currents are almost null. If such elements are arbitrarily
set to zero and their number exceeds about 80% of the total number of
matrix elements, sparse matrix algorithms may be applied which effect
large savings in computer memory - so much so that matrices of much
larger order than normally possible can be inverted. This method has
been applied to the chaff scattering problem with some success, but
it was found to be more time consuming than expected, particularly in
the matrix reordering portion of the algorithm. Also, the arbitrary
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sparsing of the impedance matrix causes approximations which make a
study of the extinction through the cloud impossible using this
technique. A second method which does not suffer from this latter
disadvantage is the iterative scatter technique which assumes initial
currents on the dipoles as if they were uncoupled and updates all

these currents in successive steps corresponding to what might be

thought of as successive orders of inter-dipole scatter. We have

found the successive overrelaxation (SOR) method together with the
Gauss-Seidel algorithin to be the most successful iterative method we

have used on clouds of resonant wires. (It was found to be less success-
ful on solid obstacles.) Details will be found in a separate technical
report [38]; in this report we show scattering results for clouds
containing 1000 dipoles calculated using SOR. Some check cases are

also presented to validate the method. Although, like the sparse

matrix technique, the iterative method is time consuming, it does

permit calculation of scattering data for much larger clouds than

can be conveniently handled any other way, and should yield accurate
extinction data.

One other topic which was investigated briefly during this
contract period was the analysis of the aircraft-tracker
radar interaction in the presence of chaff. Detailed results will
be found in a separate technical report [62].

Computer programs used to calculate the data generated for this
contract are given in appendices.

IV. RECOMMENDATIONS FOR FUTURE EFFORT

(1) We have observed that as closer and closer spacings between
dipoles are assumed, the current distribution on each dipole is not
only changed in amplitude, but also in shape along the length of the
dipole. To represent this distorted shape requires more than a two-
segment model of the dipole if a piecewise sinusoidal basis is used.
We suggest the use of two basis functions, each defined over the
entire length of the dipole, one being even, the other odd with
respect to the dipole center. The even function appears as a cosine
function blunted at the ends while the odd function appears as a sine
function whose peaks are shifted toward the dipole extremeties, We
feel that such basis functions should be sufficient to account for the
current distortions due to the influence of nearby neighbors without




increasing the order of the matrix equations. How much more dense 3
this technique will allow the clouds to become beyond the 8 dipoles/a
number is not known.

(2) We know that for extremely dense clouds where many dipoles are
touching, the method of moments is not a viable technique, The cloud
appears in some sense as a solid body of conducting material, whose
surface is almost fur-like and changing with time. We suggest that
such a surface be modelled as a random surface with only incoherent
scatter and for chosen cloud shapes, the calcuiated echo patterns be
compared with experimentally derived patterns.

(3) Beyond the problem of dense clouds is the fact that most chaff
clouds contain dipoles of various lengths to meet threats over a range
of frequencies. The low frequencies present no new problems, but at
the higher frequencies, those dipoles resonant at low frequencies be-
come electrically long and require many segments (or modes) to
adequately describe the currents induced on them. This enlarges the
matrix to sizes which cannot be handled by computers. Thus, we
suggest the use of basis functions which are travelling waves rather
than standing waves and thereby reduce the number needed. The

longer wires would of necessity be assumed straight, uncoupled to
each other and to the short elements.

(4) The computer simulation of an aircraft-missile intercept problem
in the presence of chaff should be continued. Better models should

be developed for the echo return from a typical aircraft as a function
of its aspect with respect to the incident wave. Realistic radar
models, including effects of doppler and angle tracking should be
incorporated. And, probably most difficult, more accurate chaff
cloud returns should be simulated.




APPENDIX A
STATISTICAL ANALYSIS EMPLOYED IN THIS REPORT

A. Definitions

We assume a frozen model for a chaff cloud and shall denote the back-
scattering cross section of the mth cloud in the ensemble illuminated from

an angle 6, by op(8) often leaving the 6-dependence implicit for convenience.

Averages with respect to angle 6 (here called spatial averages) will be
denoted by Poisson brackets, < >, while ensemble averages over a set of
clouds will be denoted by the overbar, —.

It can be shown!3s14 that the backscattering cross section op(e)
of the mth cloud in the ensemble of clouds forming the frozen model,
under the assumption of no coupling among dipoles, follows an ex-
ponential probability density %unction,* sketched in Fig. I-la,

( o]

- m
<0_>
<l ~ e U > O >0
- m
(1) plog) = 3
0 » O < 0

where <on> is the spatial average of cm(e) over all s given by

(1-2) <o > = Jom(e) de .

Evidence that indeed Eq. (I-1) is valid is presented in Ref. 11 for
clouds of up to 30 dipoles spaced on the average by two wavelengths
(negligible coupling case). There also exist some actual radar chaff
measurements which indicate an expunential distribution of back-
scattering cross section.l®

The standard deviationi6 of om(e) is by definition
; %
(1-3) Sm =w(0m = <Um>)2> =[J(om(e) - <c;m>)2 d9]= <0m>

and the variance of cm(e) is equal to si.

The cumulative probability function associated with %m is of
interest and sketched in Fig. I-1b, is

*It can be shown that the exponential probability density function is
strictly applicable only if the cloud density is uniform, which in the
present case is not true. However, for the clouds considered here, it
is a very good approximation.
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m 1-ce . 3 > 0
(1) Pylog) = | py(x)x = §

Om_

0 . om<0

This function, evaluated at, say oy = oms gives the fraction of

all possible values of oy which lie in the range, 0 < om < ope

Special values of oy are given names which we will refer To later,

For example if Pp(on) = 1/5, oh = op 1/5 1s called the 20% or first

quintile; if Pplog)"= 1/2, o = op 172 is called the 50% or

median (as distinct from the mean or average value we have symbolized
-« 9 l= | - .

gﬁi;gT;g’ ite Pm(om) 4/5, op Om 4/5 15 called the 80% or fourth

P, (o) ;fl—

(a)

Om

(b)

Figure I-1. Sketches of the exponential probability density function and

corresponding cumulative probability function for the
backscattering cross section of a chaff cloud.
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In the frozen cloud model, many different sample clouds are
generated (each one, of course, with the same number of dipoles
spaced on the average the same). If the number of such clouds is
M >> 1, we obtain M sample functions op(8), each one representing
the backscattering cross section as a function of look angle 6 of
the mth cloud in the ensemble, where 1 < m < M. Since the spatial
average cross section <op> will in general differ for each m we
obtain a distribution of M values of <op>. If M is large enough,
we can obtain a relative frequency histogram17 of <op> which may
be fitted to a Gaussian probability density function qmean(<om>)
since the means of the exponential process are Gaussianly distributed.
If, for convenience, the symbol <o> is used in place of <op>, we
depict the relative frequency histogram of <o> by a bar graph and
the Gaussian probability density function of the sampling distribution
by a smooth curve as sketched in Fig. I-2. The Gaussian density

function 18 is
_ !<0>-<3.> !2

2s
(1-5) qman<<o>)=2—1—s— e  Mean
" mean
where 3> is the ensemble mean of <o> and spean is the standard
deviation of <o>. On an ensemble basis they may be expressed as

(1-6) <g> = J_m<0> qman(<g>)d€o> .
and
(1-7) Smean = (<0>-<2;>)§ = J-w (<g>-<E>)2 qman(<o>)d<o>,

The mean value <o> is the arithmetic average of all the values of <o>
(i.e., <op>) and the standard deviation (since q(<o>) is Gaussian)
determines the range of values, (<o> - Sme n) < (<0>) < (<0> + Spean)s
between which lie 68.27% of all the poss1b?e v i

The two curves in Fig. I-2 both are normalized to unit area and the one
may be fitted to the other by, for example, a chi-square test.19 Of
course, since <o> cannot be negative, the fit of a Guassian distri-
bution(which admits negative values) can be accomplished only in the
region of <o> values about the <o> value.

In a manner very similar to that for treating <o>, we may fit
Gaussian curves to histograms of opm /5, op 1/2, om 4/5 (using the
simplified symbols, /5" 01/2, 04/5}

18]

alues of <o> (i.e., <op>).
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Figure I-2. Sketches of a histogram and associated Gaussian
probability distribution of spatial average i
cross sections of frozen chaff clouds. L
Y
3 ("1/5'01/5) {
AL - 2
2s
1 1/5
L. (1-8) q1/5(0'|/5) == s
; - JZ_TT_ S]/s i
— 2 i
_ (oyyp79y/5) ]
2 o
2s ]
1 1/2 E
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_ ogy5=0qy5) 1 §
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1 4/5 f
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4/5'4/5 |
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: where the mean and standard deviation of /5 for example, taken on g\ .
" an ensemble basis, are y
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(I-]]) 0]/5 = J-m 0]/5 q]/s(O]/S)dO]/so ;
2 = T

(1'12) S]/s = (01/5‘0]/5) = J-m (0]/5-0]/5) ql/s(ol/s)dol/so ;
Similar expressions may be used for 92 S1/20 o475 and S4/5° %
Once a value for <o> has been obtained, we hypothesize that §

this value may be used in Egs. (I-1) and (I-2) to obtain the
probability density function and cumulative probability of the

backscattering cross section o of the frozen model, even in the
presence of coupling,
(

- g
J_L_e $, g >0
(1-13)  plo) =Y @
: 0 s 0<0
\
( . @
1-e 9 o> 0
(1-14)  P(o) = -
0 yo < 0

If these functions indeed do characterize the frozen model then
it should be true that

(1-15a) P(G;;g) = 0.2,

- 4
(I-]Sb) P(U]/2) = 0.5 s g

(I-ISC) P(U4/5) = 0.8 .

One can test the data to see if equalities (I-15) are approximately
true, in which case we have some assurance that Eq. (I-13) is valid
for coupled clouds.
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We considered the following reasoning to obtain one other
indicator that Eq. (I-13) is valid. The standard deviation of ¢ is
found from Eq. (I-13) to be

Y2

(1-16) s =Um (c-<6->)2 p(o)do]= <o> ‘

This standard deviation of o should be related to the standard I

deviation smsan of the sampling distribution of means by the
relationship

N -1

(1-17) A SmeanJ_H_SJﬂP_ﬂ_

p's

where the numbers Np and Ng are defined as the population and sample
size, respectively, and may be obtained in our case as follows.

If, in the frozen model, there are M clouds, each viewed at [,
512 angles with two polarizations, then the number of pieces of
backscattering data, called the population, is N, = 1024M. By
sampling each cloud at 512 look angles with two polarizations and [}
considering these data as independent, we form 2M samples of size
Ns = 512 data points each. However, the 512 look angles are
probably not independent, i.e., we have oversampled op(6). To {l
obtain an estimate of the number of independent samples, we observe
the highest frequency in the spectrum W(N,d/») (discussed below) :
and consider the sample size to be Ng = 2W (N, d/»). Using these
values for Np and Ns and smean as obtained from qmean(<o>), Eq. (I-17) Il
gives_a value s % Smean 2w which may be compared with the value
s = <g> of Eq. (1-123. We applied the above numbers to Eq. (I-17)
and did not arrive at relations between s and Spean Which were i]
consistent with Eq. (I-16). We can only conclude that the above .
method for estimating sample size is invalid probably due to the
inhomogeneity of the population data from cloud to cloud. []

Another parameter which may be of use in characterizing the
frozen cloud model is the spatial frequency spectrum of the back-
scattering cross section. If op(6) is the backscattering cross
section of the mth cloud in the frozen model, then we define Fp(w)
as the Fourier transform of one period of op(6), 0<8<360°, where
w 1is the spatial spectral variable (in say, Hz/degrees of 8). !

A typical Fp(w) might appear as sketched in Fig. I-3, where
Wm is the highest frequency in the spectrum. One finds that Wp
varies with N, the number of dipoles in a cloud, and d/x, the
average spacing between dipoles, so we signify this dependence
by writing Wn(N, d/2). In addition, one finds that for a fixed
(N, d/2) pair, different members of the ensemble of clouds, i.e.,
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different values for 1 < m < M, yield slightly different Wy(N, d/}).

If we deriote by W(N, d/X) the average of these values over 22

different clouds, we can derive Table I. In this table, W(N, d/2)
appear in the upper triangles, while in the lower triangles appear

the values of 48(N,d/A)/r; i.e., diameters (in wavelengths) of spheres
encompassing 95% of the dipoles in a typical cloud associated with the
pair (N, d/A), If the parallel dipole scatterers are assumed to exist
) at the extremeties of these diameters, then frequency W'(N, d/A) can be
calculated on the basis of the beamwidth of the broadside lobe ac-
cording to

3 W' (N, %‘) = 'j-liﬂl-——-—m— -

. Both W(N, d/A) and W'(N, d/A) are plotted in Fig. I-4. The 2-dipole
o model appears to predict values for W(N, d/A) which are too low and do
5 not decrease rapidly enough with decrease in N, but considering the
simplicity of the model, the comparisons are not bad.
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Figure I-3. Sketch of a typical spatial frequency spectrum
of a frozen chaff cloud.

B. Statistical Analysis of Backscattering Data

A large amount of calculated backscattering data, based on the
frozen model, have been obtained for several cases. To examine the
properties of these data, statistical methods must be employed.

The usual procedures for dealing with this kind of statistical
problem are as follows:

1. Data are first cilassified into small intervals and by
counting the relative frequencies of occurance in each interval,
a histogram can be drawn. By inspecting the histogram, it is then
possible to select a suitable mathematical model, namely, the
frequency distribution function. The unknown parameters are then
estimated by the Maximum Likelihood Method.
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2. The reasonableness of the mathematical model can be checked
by the Chi-Square Test.lY Basically, the quantity

k (o.-e.)2
z 1 1
i=1 &

where o5, e; are tge observed and expected frequencies respectively,
is compared to a x§ variable with v degree of freedom. This serves
as the critericn for the goodness of fit.

3. Once the assumption of the model is justified, our interest
is in the confidence limits of the parameters. This gives some idea
of the expected va:iation of the parameters of interest. Given the
size of the confidence interval, it is then possible to determine the

number of data points sufficient to describe the statistical behavior
of the cloud.

To illustrate the technique, we analyze the data obtained for the
case N=30 dipoles, d=2.Gx in detail here,

Table II shows the spatial average backscattering cross-section
<op(e)> for m=1, 2, ..., 80 clouds. These data are then classified
into 24 classes, from class mark 2.0 to 6.8 with interval size 0.2.
The resultant histogram is shown in Fig. I-5. The symmetry and
skewness of the histogram suggests that the data are 1ikely to be
Gaussian-distributed. We therefore assume that <op(e)> has a
Gaussian distribution with mean . and variance 2. Since these
are not knowp a priori, they must be estimated from the data. I
can be shown!9 that the maximum likelihood estimators of u_and o
are given by the sample mean <omle$> and sample variance s%e

Thus, any
(<0p(8) =<0 (6)>)°
- 2
2s
(1-18)  Qun(<oq(6)>) = —2—— & " ,
™ Smean
—_— 80 <o.(6)>
where the sample mean <om(e)> = %=] —gg = 4.2798,
1 ; 80 (<o, (8) =<0 (6)>°
sample variance s_. .. = £=] = = (.288

and total area of the histogram A = 16.0.
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Figure I-5. The histogram and associated Gaussian probability distribution

of the spatial averages of 80 frozen chaff clouds containing
30 dipoles each.

Equation (I-18) is also plotted in Fig. I-5. Here we have fit
the histogram of the backscattering data to a Gaussian curve. One 2
measure of fit is the Chi-square test which evaluates the deviation x

2
(01' "e.i )

10§

X =
i

[ e o

between the observed frequencies 0 and the expected frequencies ej in
1=1,2,--+k intervals. The expected frequency e is obtained by in-
tegrating the area under the curve and the observed frequency oj is
obtained by counting the number of occurances of the backscattering
data in the ith interval. The results are shown in Table III.

In computing the deviation x2, it is necessary that ej>5 and kzﬁ.]g
Several intervals can be combined until the above condition is satisfied.
This is indicated in the left column of Table III.
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Calculations show that

i
.

2
2. 3 (0-¢4)" _ (7-5.87)2 , (15;-5.35)2 , (8-7.96)2

3 L‘ =G e 5.87 735 7.96
. (15-10.33)8 _ (18-11.68)% , (10-11.52)2
4 [j 10.33 11.68 11.52
L (8-9.91)% | (7-7.43)% | (7-9.98)°
: 9.91 7.43 9.94

[~ = 10.7088

This value is compared with a xg variable with =K-1-2 degrees
[ of freedom, where £ is the number of parameters that the interval

probability depends upon; since qmean(<om(8)>) depends on two
- unknown parameters, we have 2=2 in this case.

It is found_that xg=12.592 with v=6 for a 5% significant level,
and since x2 < xg, we conclude that the model is satisfactory.

e
- |

The 95% confidence interval for the mean is given by:

T\ bS T . . bS
l (<o_(23)>) - =—, <0 _(8)> + =— = (4.1613, 4.3983)
1] m m-1 i Jm-1

where b can be obtained from the Student-t[19] distribution table.
For example, b=1.96 for m > 30. The confidence interval of the mean
is then given by L = 2bS/Jm-1, or solving for m, we obtain:

(I-19) m=1+ (3{’—5- )2 .

| E— | ——

For L=0.1 <op(0)> = 0.42798, Eq. (I-19) can be used to obtain the
] value of m by trial and error. Assume n=26, b=2.056, Eqs. (I-19)
gives m = 26. We summarize the results as follows:

| 1. Evidence is shown that the spatial averages are Gaussian
| distributed.

| 2. The mean value will lie inside the interval (4.1613, 4.3983).

3. We predict that 95% of the data will fall in the interval
(3.2050, 5.3546) in the long run.

i 4. Only 26 clouds are needed to determine the statistical
behavior of the spatial variation of the Chaff cloud if
the size of the confidence interval is allowed to be 10%

l' of its mean value.




The backscattering data obtained for the cases N=30 dipoles,
d=0.51 and N=10 dipoles, d=0.5\, 2.0A were treated in the same manner
as above. 80 clouds for each of these cases were used in the analysis.
It turns out that in all cases, the spatial averages are Gaussian
distributed to a good approximation. The results of the analysis are
shown in Table IV and in Figs. I-6 and I-7.

It was mentioned in Section A that the backscattering cross-
section <op(6)> under the assumption of no coupling among dipoles,
follows the exponential probability density function of Eq. (1-13).

If the exponential density function also holds for coupled elements,
then Eq. (I-15a), (15b), (15c) should be approximately true even for
small spacings d/A. We now want to show that this is indeed the case.

Backscattering data were obtained for 4 cases, namely, N=30 dipoles,
d=0.5\, 2.0x and N=10 dipoles, d=0.5A, 2.0A at 20%, 50%, 80% levels.
Again, 80 clouds of each case were used in the statistical analysis.

The assumption that the data were obtained from sampling a Gaussian
population is good except for the case of 20% level. However, it is
found that the variance in these cases are so small that even if more
clouds are included in the analysis, the sample mean will not change
significantly. We thus include them for comparison.

The 20%, 50% and 80% levels are obtained by substituting
into Eq. (I-14) with the appropriate value of Z5> used and in
Table IV they are compared with the value obtained for forming
histograms and approximating these with Gaussian distributions.
The same results are shown in Fig. I-8, where the curves are
calculated using Eq. (I-14) and dots are values calculated using
histograms. In Fig. I-8 our additional curve for N=50 dipoles
d/» = 2.0 is given. The good comparison leads us to conclude
that the backscattering cross section, even with severe coupling
effects, appears to obey the exponential distribution when the
associated value of mean cross section <G> is incorporated.
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Again, 80 clouds of each case were used in the statistical analysis.
The assumption that the data were obtained from sampling a Gaussian
population is good except for the case of 20% level. However, it is
found that the variance in these cases are so small that even if more
clouds are included in the analysis, the sample mean will not change
significantly. We thus include them for comparison.

The 20%, 50% and 80% levels are obtained by substituting
into Eq. (I-14) with the appropriate value of <o> used and in
Table IV they are compared with the value obtained by forming
histograms and approximating these with Gaussian distributions.
The same results are shown in Fig. I-8, where the curves are
calculated using Eq. (I-14) and dots are values calculated using
histograms. The good comparison leads us to conclude that the
backscattering cross section, even with severe coupling effects,
appears to obey the exponential distribution when the associated
value of mean cross section <g> is incorporated.

TABLE 1 - HIGHEST SPECTRAL FREQUENCIES

\" 10 15 20 25 30
d/A\\

2.0 158.%/4 16 69/5.45 80"’%.oo 92'%.46 99%.86
1.5 145.2/3 57 5%.08 61%.50 69%.84 75%.15
1.0 131.2/ 38 367/2.72 M-5/3.00 47'%.23 3L %.43
0.5 117.31 19 20}/1.36 22.7/1 50 25%.61 27%.71




TABLE I1 - SPATIAL AVERAGES OF 80 CLOUDS

4, 3842
4.40
4,5801
4.63293
4.67246
3.52468
3.34084
5.07415
3.77322
3.2314]
2.6788
4.03150
4,2399
5.2056
4,2795
4.1598
4,2642
4,5817
4,1245
4.4971

4.4985
4.8349
4.0279
4.3948
4.0599
5.4608
4.3303
3.7248
3.4994
4.38457
4.52723
4,26477
3.7423
4.29156
3.45858
5.11655
4.30620
4.60128
4,.90631
4.45655

4.49505
4,17054
4.64392
4.18171
4.34841
3.31524
3.90761
2.62660
4.45712
4.12578
4. 38605
4.02188
4.22126
4.18910
4.30804
3.9152

4.93505
3.84363
5.36615
3.95543

192

5.50184
3.9871

4.09925
3.63187
4.89497
5.15151
4.11126
4.90393
4.34125
4.08328
4.81494
4.03012
3.83469
4.28673
4.47537
3.91778
4.56063
4.84562
4.16605
4.26969
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TABLE III - THE DATA OF TABLE II CLASSIFIED INTO RELATIVE

O~ DWW N

FREQUENCIES OF OCCURRENCE

Level

2,100
2.300
2.500
2.700
2.900
3.100
3.300
3.500
3.700
3.900
4.100
4,300
4.500
4,700
4,900
5.100
5.300
5.500
5.700
5.900
6.100
6.300
6.500
6.700

Freq Dist
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TABLE IV - CUMULATIVE PROBABILITY VALUES

d/x
<cm(6)>

30
2.0

4.2798

30
0.5

2.6513

10
2.0

1.42440

10
0.5

1.0219

<on(6)>509
20% P(o)

0.9484
0.9550

0.5749

0.5916

0.3127
0.3177

0.2220
0.2280

<on(8)>509

{50% P(o)

3.0555
2.9665

1.8215
1.8377

0.9634
0.9870

0.6932
0.7083

<o (8)>ggy

7.1347
6.8881

4.2469
4.267

2.2597
2.2918

1.6384
1.6447




Figure I-6,
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Ensemble average backscatter <o> over 80 frozen chaff clouds with
average spacing d/x = 2. Two cises are considered, N = 10 dipoles
and N = 30 dipoles as indicated by the heavy dots. The heavy
dashes indicate the range containing 68% of the individual spatial
averages (within one standard deviation eitner side of <o>) and the
light dashes indicate the range containing 95% of the individual
spatial averages (within two standard daviations either side of
<0>). The straight line represents uncoupled dipoles.
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Figure I-7. Ensemble average backscatter <o> over 80 frozen chaff clouds with
average spacing d/x = 0.5. Two cases are considered, N = 10 dipoles
and N = 30 dipoles as indicated by the heavy dots. The heavy
dashes indicate the range containing 68% of the individual spatial
averages (within one standard deviation either side of <o>) and the
light dashes indicate the range containing 95% of the individual
spatial averages (within two standard deviations either side of
<0>). The straight line represents uncoupled dipoles.
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APPENDIX B
REACTION MATCHING IN ELECTROMAGNETIC PROBLEMS

The objective of this work is to determine the electro-
magnetic scattering properties of large (random) clouds of
perfectly conducting wires {dipoles) illuminated by a mono-
chromatic plane wave. The emphasis is on applying an
integral equation solution tc this problem for those cases
where the number of vglume density of dipoles is large ( 1000
dipoles, 8 dipoles/a3) and the mutual couplings among all
dipoles must be taken into account. The purpose of this appendix
is to review the reaction [21] technique for developing an in-
tegral equation for the-currents induced on these dipoles and
to consider the transformation of‘this integral formulation via
Moment Methods [22] %o a system of algebraic equations more
suitaible for numerical solution by digital romputer.

A. Scattering Properties of QObstacles

One measure often used to characterize scattering properties
is radar cross section or echo area o defined by

2
E. .« f |

(I1-1) o = Tim 4nR" ——7F
R-o |E1|

where Ej is the electric field intensity of an incident plane

wave of fixed pnlarization arriving from a particular direction

(say 06g»9g) and Eg is the electric field intensity of the scattered
field a large distance R from the obstacle in an arbitrary direction
(64¢). The quantity hy is a unit vector spacifying tha direction

of the vector effective height of the receiving antenna which

fixes the polarization component of the scattered field inter-
cepted by this antenna. The reader is referred to the work by
Kennaugh [23] for a complete discussion of the characterization

of polarization properties for arbitrary scatterers.

The units for o in the MKS system are metersZ and radar
cross section obviously represents an area. More specifically,
o is the area normal to the incoming plane wave which would
intercept encugh power from the incident fields so that if this
power were reradiated isotropically the power intercepted by the
receiving antenna would be identical to that caused by the obstacle
itself. Figure II-1 illustrates the two basic types of radar
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Figure 1I-1, Scattering cross-section configurations.
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cross section measurements; bistatic cross section where trans-
mitter and receiver are separateed by angle g#0, and monostatic
cross section where transmitter and receiver are coincident, g= 0.
Monostatic cross section is commonly referred to as backscatter
cross section and this terminology will be adhered to 1n a
following discussions.

B. Scattering by Perfectly Conducting Bodies

Calculation of the scattered electric field appearing in
Eq., (II-1) normally requires knowledge of the "secondary sources"
induced in or on the scattering obstacle. A perfectly conducting
obstacle will obviously have only a secondary source of the
electric type induced on its surface and an integral equation for
this surface distribution can be derived by applying the usual
boundary conditions and the "zero reaction" theorem of Rumsey
[21]. A detailed treatment of this approach is given by
Richmond [24] and is summarized here.

Consider the basic geometry for the problem shown in Fig. II-2.

The arbitrary metallic scatterer is located about the origin 0 in
a right hand coordinate system and_the primary electric and
magnetic source distributions Jj, Mj, of finite extent and with
eJot time dependence, are located by position vector R, R here is
assumed large (R»=), thus assuring that the free space fields of
Ji,Mj, in the absence of the scatterer, produce a plane wave in
the vicinity of 0. For convenience consider these plane wave
fields to be 6 polarized with comsonents given by

o kR,
(11-2) Ei = e )
= 1 jkoRh
(II‘3) H_i - - 'n'- e q)
0
where ny = 1207 is the free space wave impedance and kg = / u e _ is

the free space propagation constant. o

The surface of the perfectly conducting obstacle, defined by
S in Fig. II-2, separates the interior source free region V from
the exterior region containing Jj,Mj. Consider the total fields
in the presence of the scattering obstacle. These fields are
(E,H) outside V and (0,0) inside V and are the superposition of
the free space fields of Jj,M; and the free space field of new
secondary source Jg on S. Jg here is precisely the surface con-
duction current distribution induced on S by (E;,Hi)._ It is con-
venient at this point to define the scattered fields Eg,Hs in terms
of the difference fields given by
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Figure 1I-2. Arbitrary metallic scatterer in presence
of primary sources,

(11-4) -E}

(II-S) HS H - Hi .

From this definition of fields, the surface distribution Js, radiating
in free space, must generate (Eg,Hs) outside V and (-Ej,-Hj) inside

V . Jg can be written 1n terms of the boundary conditions on S (a
perfect conductor) as

(11-6) 3; =1 xH,




where n is taken to be the unit_outward_normal. The equivalent
problem stated in terms of (J5,M) and Js radiating in free
space is illustrated in Fig. II-3.

[Fﬂ ¥ ‘u, JI'I H‘
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sﬁhhh’} {
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Figure II-3. Equivalent problem.

The term "reaction" was first introduced by Rumsey to describe
certain measurable effects between sources and their fields.
Consider two sources ég »Ma) and (Jp,Mp) of finite extent and
radiating fields (Ez,H;) and (Ep,Hp), respectively. Also con-
sider the region of ;pace containing these sources and their
fields to be isctropic but not necessarily homogeneous. The
reaction of source b on source a, denoted by <a,b> (mutual
reaction), is defined by the scalar quantity

(11-7) CabP = JjJa (3,-E, - ., )da'

where the region of integration in this case, is over the "a"
sources (e.g., volumetric, surface, or filamentary). In reciprocity
media the reciprocity thecrem of Carson [25] can be applied to Eq.
(11-7) to show equality of mutual reactions; i.e.,

(11-8) <a,b> = <bya> ,




Sources can also be reacted with themselves to yield "self-
reactions" denoted <a,a< or <b,b>.

Application of the reaction concept to the present scattering
problem leads readily to the required integral equation formulation
for the unknown surface current Jg and to a variational solution
for this current. Consider placing an arbitrary but known "test"
distribution of electric current J' ("b! sgurce) inside V and let
this source radiate free space fields (E',H'). These fields of
the "b"_source can be reacted with the superposition of sources

Ji and JS ("a" sources) to yield

(11-9)  <a,b> = J. - E'dv + J . E'ds .
b S
prifary

sources_ _ S
Similarly, the fields of Jj,Jg can be reacted with the test i
source J'_and because the resulting reaction integral is taken i
over the J' source located in the null field region V, this :
reaction is identically zero; i.e.,

11
o

(11-10)  <b,a> = tm Tt . (E, - Ep)av’

source
However, by way of the reciprocity between mutual reactions (Eq.
11-8), Eq. (II-9) is also identically zero and can be rearranged to
give

(11-11) -jl 3; .E' ds = lea 3} E'dv , 2
prifary

source

and by applying Carson's reciprocity theorem to the right hand side
of Eq, (II-11), the final form for the integral equation becomes

(11-12) ‘“s 35 « E'ds = tlﬂ LI Ei dv'.

source

This is now in a convenient form where_Ej is well defined (Eq.
11-2) and J'_can be specified so that E' car be calculated,
That leaves Jg as the only unknown quantity in this expression.
Integral equation Eq. (II-12) is a special case of a more
general Reaction Integral Equation (RIE) formulation discussed
by Richmond [26]. Furthermore the "zero reaction" test was
applied with an electric test source J' only and the result
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was the electric field integral of Eq.(II-1); however, if a
rmagnetic test source M' had been used, the result would have been
a magnetic field integral form. This use of a zero reaction test
appears to have first been used by Kouyoumjian [27] and later
developed by Rumsey and Richmond.

C. Numerical Solutions

Solutions of the electicmagnetic integral equation, Eq, (II-
12), have in the past been obtained via a number of classic
procedures, e.g., modal (eigenfunction) expansions, low fre-
quency expansions (powers of kq), high frequency expansions
(powers of 1/ky), variational methods, physical and geometrical
optics, etc. However, with the advent of the numerical computer,
the most common method of solution, especially for complicated
resonant sized obstacles, has become the method of moments [22].
This is the technique alluded to earlier by which the integral
equation is converted to a system of simultaneous algebraic
equations; the computer being admirably suited to compute the
“inversion" type solution to this system of equations.

Corsider a generalized set of vector functions ¢n, n=1,2,-.-
defined on S to be suitable for expanding the induced surface
currents on S; i.e.,

(I1-13) 3. = § J3%

where Jn are unknown (complex) coefficients to be determined,
Also assume_the nth expansion "mode" & of this set radiates
fields (En,Hn) in free space.

Consider another set of normalized vector modes, 8, m=1,2,---

as a set of arbitrary test sources J'; i.e., m

[

(11-14) J° m’

m=] ’2,"' .

Let mode m of this set, ey, radiate (Ep,Hp) in free space.
Equation (II-12), rewritten in terms of these expansions,
becomes the doubly infinite set of algebraic equations given by

m = ]'2,. ves,
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where the orders of integration and summation has been inter-
changed and the regions of integration are over the respective
domains for each mode function. The practical choice of mode
functiors which will be used here leads to more manageable finite
systems of equations than implied by Eq. (II-15).

Recall, the reaction test sources J' have not yet been
specified. Consider now the particular choice for the J'
distributions 8y = oy, which is known as Galerkin's method_and
let this niode set consist of a finite number of functions ¢p,
n=1,2,...,N where each function is nonzero only over a specific
interval in space (e.g., volume region, surface area, or section
of a contour); the on's in this case constitute an incomplete sub-
sectional basis set. Figure II-4 illustrates one methed of ™
subsectionalizing the surface domain of J§ where J' is
defined to flow on surface S'. Surface S', in the case of a
gyeneral scatterer, recall, must be located "inside" S as shown
in the figure. However, for the perfectly conducting obstacles, S'
may coincide with S and the zero reaction test will remain a valid
test. The s:stem of algebraic equations defined in terms of this
finite subsectional mode expansion now takes the form

N
(I1-16) -nZ] Jn lj@n , Em ds = lf o Eids', m=1,2,.0,N,
where Ep denotes the electric field of test source Eh located on
S'. This algebraic system of N equations with N unknowns Jy is

commonly represented in the electromagnetics literature by the
matrix formulation

(11-1) 1 =V,

where Z = [Zyn] represents the N x N matrix of generalized mode
impedances with elements Zmn given by

(II"]B) Zmn =—'J U Emds ; m,n=] ’2""’N,

Jn "

I = {Jp) is the N x I vector of unknown mode currents and V = (V)
is the N x I vector of known generalized mode voltages given by

(11-19) V- u B E dsty mel2ee N

S e

S CATEE NSRRI A

et

S i g SRR SRS, A 2 i

i

P T




S L

I

']

r>
L.

—

— —

22l /| NOTE:n IS UNIT OUTWARD
/1 NORMAL VECTOR ON S

Figure II-4. Subsectionalization of S and S' and convenient
surface coordinate system (£,z).

The expansion which defines 3; is given by

N
- n —
(11-20) Je mré] J, %, onS

and the test sources are given by

(II"Z) jl = -am' IT|=] ,2,""N On S'-

The indicated approximation of Jg in Eq. (I11-20), under suitable
conditions, will approach the true distribution when, in the limit,
the subsectioning becomes infinitely "fine" and N»>~, This of
course defeats the purpose of numerical modeling and the assumption
here is that a reasonable number of samples (4-10 per A2) will give
enough information to successfully interpolate J.. The use of
testing functions on S' instead of S when S and §' are separated,
also has the particular advantage of avoiding the singular nature
of the self-reaction of a source with its own field. Normal _
separations between S and S' should be less than 0,011 to give good gﬁ
3

numerical results for the types of EM problems discussed here,
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\ire-Grid Models

The order N of the system of equations represented in Eq. (II-
16) is obviously dependent un the geometry and electrical size of
the scatterer, the choice of basis set and the degree and type of
subsectioning required to achieve a desired numerical accuracy.
The purpose of this section will be to present certain examples
of basis sets for the continuous conducting obstacle and to
discuss some advantages and disadvantages of each.

1. Surface-Patch Bases (Patch subsectioning)

Figure II-5 shows examples of two basis functions suitable
for the surface-patch model. Basis functions of this type were
first considered by Wang, Richmond, et al. [28]. A specific
example of the use of the cosine modes on a flat plate scatterer
is shown in Fig. II-6 where only £ directed modes are considered;
however, for more accurate results and/or the case of an arbitrarily
polarized incident wave, ¢ directed modes would also be included.
The approximation to Js is then computed as a linear combination
of modes in the two vector directions ¢ and .

2. MWire-Grid Subsectional Modeling and the
Piecewise Sinusoidal Basis Functions

One particular geometry of considerable interest in EM theory
is the thin cylindrical antenna or scatterer and its applications
to the modeling of arbitrarily shaped conducting obstacles. First
developments in the use of wires for numerical modeling of
continuous conducting shapes were advanced by Richmond [29] and
this approach was later used extensively by Lin and Ricamond 30]
and Thiele [31]. The basic technique of wire-grid modeling is
to define a suitable number of points on the surface of the obstacle
and then interconnect these points with straight wire segments.
These segments serve as approximate paths for the induced surface
currents and the integral equation of Eq. (II-16) now becomes
one for solving for the unknown surface currents on these wires.

One possible set of basis modes which are amenatle to the
wire-grid structure are the overlapping piecewise sinusoidal
dipole modes introduced by Richmond [32]. Other types of sub-
sectional bases often appear in the literature [33]; e.,g., pulse
bases, piecewise linear bases, etc. The literature also refers to
trigonometric whole bases [34] from time to time. However, the
piecewise sinusoidal basis functions have been shown [35] to have
certain superior properties, making them well suited to
numerical solution of wire structure problems.
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Figure II-5. Examples of subsectional basis functions for surface scatterer. :
(a) Uniform rectangular pulse hasis functions, ane pulse per
subsectional region; (b) Overlapping cosinusoidal Basis functions, |
one cosine mode per two subsections in £, uniform in ¢z.

206 fg




X OVERLAPPING
COSINE MODES

L STRIPS NOTE: * MODES N= K x L

Figure I11-6, Mode structure for computing backscatter cross
section from thin square flat plate (perfect
conductor) using overlapping cosine modes
(sce Fig. I1-5),

Figure II-7 shows two examples of pairs of interconnecting
segments - separated pairs and overlapping pairs. Consider the
nth dipole mode ba given by

[
sTn ko(rz-r)
sin ko(rz—r])

sy Y‘-I

(11-22) Eh = <

sjp ko(sz-s)
sin ko(sz-s])

S,

\

This mode flows as a tubular surface current density on the nth pair

¥ intersecting segments (v-dipole) with arms in the r and s directions.
Now consider the test source J' (Eq. (II-21) to be a filamentary source
on the axes of these segments. It can be shown that the reaction of this
axial test source with any colinear tubular surface current mode

is identical to the reaction between this same axial test source

and a filamentary current mode 2ma 3 located one radius "a"

away from the segment axis. Figure II-8 illustrates the
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(b) OVERLAPPING DIPOLES

Figure II-7, Nonoverlapping dipole segments and
overlapping dipole seanents.

equivalent cases. Numerical calculations have indicated [36]

that for the non-colinear cases (Fig. II-7), the errors introduced
into the self and mutual reactions, by using the axial test
sources and filamentary approximations for the surface modes, can
be neglected when segment 1engths exceed 20 radii and spacings
between separate dipoles exceed a/x» or the angle ap between

two intersecting (overlapping) segments exceeds ~30°. Figure II-9
illustrates a section of wire-grid modeling for an arbitarily
shaped conducting obstacle and shows a portion of an overlapping
piecewise sinusoidal mode structure. Only a few g directed modes
are shown; however, for an arbitarily directed surface current,
modes must be included in the ¢ direction and enforcement of
continuity of the currents at each junction of multiple segments
assures that a junction having k intersecting segments will have
only k~i independent dipole modes passing through it.
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[ source and tubular surface current and equivalent parallel
filamentary cases.
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Figure II-9, Sample mode structure on wire-grid modei of
conducting surface, Sample of £ basis functions
shown; however, both £ and ¢ function required
in general.,

The integrals in Eq. (II-16) become line integrals for this
type of modeling and successful application of the piecewise
sinusoidal expansion modes normally requires wire segment lengths
not to exceed 0.25),

3, Advantages and Disadvantages

Both surface patch and wire-grid modeling are generally con-
sidered suitable for continuous conducting obstacles. However,
if the obstacle includes a protruding section; e.g., antenna
(monopole), then the wire-grid type structure is usually more
convenient. The surface patch technique, on the other hand, will
model the same size surface with fewer modes but computations of
the wire-grid mutual impedances are performed much faster than for
the patches. If computing time is critical, then the wire-grid
model might be considered to have the advantage, even though it
may require a larger number of modes.

E. Chaff Clouds

The discussion so far has emphasized the more general cases
of arbitrarily shaped conducting scatterers; however, it also serves
as the basic background needed for the problem at hand, namely,
scattering by random clouds of thin conducting wires. Here,
the wires are assumed to be of resonant length ~0.51 and the
piecewise sinusoidal modes are used. Each wire can then be
modeled as a p=2 segment dipole requiring only ore mode per wire.
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Possible exceptions to this will occur for those cases where the
wire lengths are significantly greater than resonant length, a
situation briefly treated in this study.

Figure I1-10 shows two typical 2-segment wires and also
illustrates the approximate filamentary models used; test
expansion mode p on the axis of dipole s and unknown expansion
mode Iy n on the surface of dipole t. The actual random array will
consist of many of these resonant wires with the centers of
all wires chosen with uniform or nonuniform probability in a
spherical volume of space and each randomly oriented according to
a uniform spherical probability density function. The technique used
to generate the array is discussed in detail in Appendix III,

F. A Convenient Change in Notation

A rather more convenient form for the matrix equation
presented in Eq. (II-17) can be expressed usirg slightly different
matrix and vector notation. The following definitions, while
perhaps unconventional from the standpoint of electromagnetic
theory, are in standard usage in numerical analysis and wili
be used throughout the remaining chapters of this study. The self
and mutual reactions or generalized model impedances previously
defined in Eq. (II-18) will be denoted here by the N x N matrix
A= [amn] with the elements L given by

and the generalized mode voltages previously defined in Eq. (II-
19) are now denoted by the N x 1 vector b = (bm) with elements
bm given by

(11-24) bm = JJ o E; ds', m=1,2,¢.-N.

m
The unknown mode coefficients Jp, representing samples of the
distribution Js, will be denoted by the N x 1 vector x = (xn) »

n=1,2,--,N. This whole system of equations is now expressed
in the new notation as

(11-25) Ax=b .
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Figure II-10. a) Thin cylindrical wires, b) Approximate filemeniary
model using piecawise sinusoidal expansions ¢, on
surface and ¢, on axis.
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The N x N impedance matrix A in the case of these random
arrays of thin wires will contain all possible interactions among
N wires and will! not be a "thin" or sparse matrix, Also, the
number of wires considered will be as large as N = 1000 and hence,
the equation to be solved, Eq. (1I-25), will be a "full" matrix
equation of up to vrder 1000. A1l elements of Eq. (II-25) will be
complex numbers and the impedances given by Eq. (I1-23)
will be complex symmetric, i.e., amn = apm for all m and n. This
last condition results from the reciprocity relation of Eq. (II-8)
and the use of Galerkin's method.




APFENDIX C
CLOUD GEOMETRY

A. The Radially Inhomogeneous Cloud

To create a chaff cloud, N dipoles are randomly positioned in space
and oriented according to certain statistical rules. Their orientations
are specified so that all possible orientations are equally likely, i.e.,

a spherical probability density function for orientation is implied. Their

positions are specified by the Cartesian coordinates (x,y,z) of their centers
according to the following rules:

1. The probability ot finding the x-coordinate of a dipole center
in a small increment ax about x is

(5]
(111-1)  g(x)ax = 2X— ¢ 218
.y
0]

2. The probability of finding the y coordinate of a dipole center
in a smali increment sy about y is

2] (1)2
(111-2)  9(y)ay = &= e Z\s

v 21r62

3. The probability of finding the z coordinate of a dipole center in
a small increment Az about z is

-3 [
(111-3) 9g(z)az = £2— e Z|s
2né

N

4. The process by which the coordinates (x,y,z) of a dipole center
are selected are statistically independent.

‘Note that the three probability density functions are Gaussian with

zero mean and identical standard deviation s, implying that the cloud
is most dense in the center and spherically symmetric.

Because of the statistical independence property, the probability
of finding a dipole center in a small cube of voiume v=axayaz about
the point (x].y],z]) is

S SRS B i
(T11-4 )P (X1,¥q02q38V) = J g(x)g(y)g(z)dx dy dz

AZ AX
-7 g -
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If there are a total of N dipoles in the cloud, the number of dipoles
expected to lie in the small cube v about the point (x],y],z]) is on
the average,

(I11-5) AN(X] .,V],Z]; v) = N AP(X] s.y]$z];AV)

50 the fraction of the total number of dipoles lying in v about (x],y],z])
is on the average,

AN(X],y],Z];AV)
(I11-6) 0 = 9(x;)9(y;)g(z;)av

If N is very larye, or a l1arge ensemble of clouds with the same N and
standard deviation § is assumed, and if the sample volume Av is made

very small, we can define in the 1imit the relative density of dipoles
at a point (x],y],z]) by

(111-7) . AN(X],y],Z];AV)
n{xps¥702y) = :;li"o N7 = 90 )9y )9(zy)
Av-+0 2
i 1("_1) I
= n{r) = — l_ e 2%/
1 27162 2 |
2n8 J
or
1
(111-8) n(r ) = 3 g(r)
278
IS R . .
where r = (x“+y"+z%) is the radial distance from the center of the cloud.

&From (IT1-8), we see that the dipole density is independent of (8,¢)

a spherical symmetric cloud) and is proportional to a Gaussien function in
the radial direction,

In our work, we chose to charscterize a cloud by a constant which
we call "the average spacing between dipoles,” d/», defined as follows.

1. For a given spherical volume V=(4/3)nR3 over which the average is
desired, caiculate the expected number of dipoles in V; call this
number kN where N is the total number of dipoles in the cloud and
O<k<1 is the fraction of the total number of dipoles contained in V.
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2. Consider V to be divided into kN equal cubes, and call the edge ;
dimeasion of each cube d. In this manner we obtain the relationship 3
(111-9a) 5 > = ki &,
or
1/3
d _ (4 1 1 R
(I11-9b) 5 = (r) 73 73 %

In our case,

(I11-10) 2nem (R 2
kN = N J J J n(r)r® sin s dr ds d¢
0’070
] 17(1)2
R 2 8
-R 6VE1| f
R 21 (ﬂ)z
(I111-11) k = L J rz e 218 dr ;
s&fons® R :
.

which, evaluated by integration by parts, is

L - gt 2 R]?(%)Z
(I11-12) k=\[-2=-"- J e dt -j; E-e

The first term in Eq. (III-12) is the integral of the normalized Gaussian
function and can be evaluated from tables. Values of k are plotted

vs R/6 in Fig. III-1.

If Eq. (11I-9b) is written in the form,

1/3
(I11-13) N‘/3%=(.§%) R
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the quantity N]/3d/6 may be plotted vs R/§, using the values of k cor-
responding to values of R/§ according to Eq. (I1I-12). This piot is also
shown in Fig. I1I-1. In this report, a value of R = 2.05%, corresponding
to k = 0.76, has been chosen as the radius of the sphere over which an
average is taken to obtain the relationship between d/x» and §/Ax. For
this choice Eq. (I1I-9b) is

(1-14) = (2] L—epy 11/3 2.05 &
Aol (0.78) N A

_3.62 s

n73 3

It was by selecting convenient values of d/a, such as 2.0, 1.5, 1.0, 0.5
in this report, that corresponding values of s§/) were obtained for use in
Eqs. (I11-1), (I11-2), (III-3).

Note that the choice R/s = 2.05 is rather arbitrary. If, for example
we chose to average over smaller and smaller spheres, in the limit as
R/6 - 0 and k > 0, we obtain the relationship between a new average
spacing d/x and &,

(111-15) ‘:—'-HZ“

Assuming that the 6/) values caiculat~d from Eq. (II1I-14) are used in (III-15),
we see that d/x is about 0.69d/:, yielding the corresponding table

d/ d/»

2.00 1.38

1.50 1.04 S same for the two cases
1.00 | 0.69 A

0.50 0.35

0.25 0.173

Thus, the values of d/x presented in this report are conservatively large,
i.e., substantially smaller average spacings are encountered in the center
of each cloud.

The quantity (l/d')3 is equal to the density of dipoles in the center
of the cloud expressed in dipg]es per cubic wavelength if d' is in wavelengths,
Similarly, the quantity (1/d)° is the density of dipoles averaged over the
sphere containing 76% of the dipoles. Some typical plots of dipole density
versus radius for selected values of N and d/x are shown in Figs. III-2,3.
The dashed lines represent the values of §/x as related to d/» by Eq. (III-i4).
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B. The Homogeneous Cloud

Consider the generation of N randomly distributed points 1
representing center coordinates of N dipoles. If these N points E
are distributed according to a uniform probability density function
and are confined to a spherical volume region V around the origin
with an average volume density D, then the radius of Y is given

by

/3 .
3N
(I11-16) Ro =<;“D

Consider these points to be defined in terms of statistically
independent random variables r,¥,$ in the usual spherical coordinate
systems. The probability of finding one of these points inside the
incremental volume element dv must be given by

¢

FRTa T

3 W oL
r-sine dr dede¢,
41rRo 0<;‘J<R
NN - - 0
(111-17) p(r,06,¢) dr d6 d¢ = <
ny
0, R0<r

to insure these points will be yuniformly distributed throughout V.
Since the random variables r,8,¢ are statistically independent,

the independent probability density functions become _i
(111-18) p(r) = 3 ¥, ]

Ro ;
(111-19) p(8) = & sin® n
and g
(111-20) p(¥) = 2= .

The two angular density functions above can be computed in terms
of direction cosines cos o, cosB8 and cosy as follows:

221

:




-
(I11-21)  cos 8 = 2A(1) = 1
é { (111-22) sin 8 = - coszfe\)')]/2 E“
} n, N
] | (111-23) ¢ = 2m A(z) L
E % (111-24) COS o = Sin 3 cos $ E
g ¢ (111-25) cos 8 = sin 6 sin s
: . 1
% e (111-26) Cos Y = cos 6 4
aJ where the A(i)li are obtained by independent calls to IBM-SSP sub- {f
£ L routine RANDU: (1), i=1,2,... forms a sequence of uniformly 4
; distributed psuedo random numbers in the range 0<A(i)<}. The (3
properly distributed radial variable is given by &
(11-27) ¥ = R (K(3))!/3
where K(B) corresponds to another call to RANDU. Finally,
orientations of tihe N dipoles are each chosen independently according -
to the same sequence of Eqs. (III-21).to (I11-26), again using in- %}
dependent calls to RANDU, Once the midpoints and orientations are |
specified, this fully specifies the modeled chaff cloud used here.
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APPENDIX D
FULL MATRIX COMPUTER PROGRAM FOR MULTIPLE LENGTHS

In Reference 12, Appendix II is presented a computer
program for full matrix solution (scrout) of chaff clouds with
single length elements. This appendix presents a program (still
using scrout) extended in two ways: it permits the analysis of
clouds containing three different element lengths in any combination
of numbers and lengths; and it utilizes improved algorithms for
obtaining the elements Zn of the impedance matrix.

The computer program in this appendix is used to calculate the
random backscattering cross section of "ND" randomly distributed
dipoles. These dipoles form three groups and each group has a dif-
ferent dipole length.

Since the dipoles are randomly distributed, one can assume that
dipole No. 1 through No. N1 are in group 1 with length DL1, dipole
No. N1+1 through N2 are in group 2 with length DL2, and dipole No.
N2+1 through ND are in group 3 with length DL3. Dipoles within
each group are further divided into segments according to the accuracy
desired. Segmentation for dipoles in each group are denoted by NOSI,
NOS2, and NOS3. Set NOS1 equal to 3 means all the dipoles in group 1 are
divided into 3 segments, etc. If DL1=DL2=DL3 and N1=N/3, N2/3, the
cloud is made up of N identical dipoles.

A11 the input parameters for this program are specified as follows:

1. NI: 1last dipnle number irn group 1.

2, N2: 1last dipole number in group 2,

3. ND: 1last dipole number (which is identicul to the
total number of dipoles) in group 3.

4. DL1: dipole length (in wavelengths) for group 1.

5. DL2: dipole length (in wavelengths) for group 2.

6. DL3: dipole length (in wavelengths) for group 3.

7. NOS1: segmentation used for dipoles in group 1.

8. NOS2: segmentation used for dipoles in group 2.

9. NOS3: segmentation used for dipoles in group 3.

10. INT: integration sampling constant (usually 10)

11. AL: wire radius for all the dipoles.

12. NSETS: number of clouds to be studied.

13. Spc: average spacing between dipoles.

14. 1Z: starting point of the random generator.

This program is set up to plot the echo (in dB) for DBPP, DBTT,
and DBTP. One can easily obtain the following quantities as defined
in previous Report 3401-1: AVTT, AVPP, AVTP, AV11, VARTT, VARTP,
VARPP and VAR11 using the outputs (from SUBROUTINE BKCD) ECTT,

ECTP and FCPP.
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OPTIONS d2K

CUMPLEX C(5050)+ETT(100),EPP(100),S(100)

NIMENSION DBTT1360)+DBPP(360)0ORTP(360)

NIMENSTION CA(ZND) vCBLS0)eCHI30)oX(30)eY(20)e2(30)

NIVMENSION XX(100)eYY(100)¢22¢100)CCA(LI00)eCCBI100)+CCG(100)
NIMENSION HL123(3)+HK(100)

NATA PI/zd,141592/

NATA INMeMAXNDZIVO 30/

TUNS(IOMxIUM<INM) /2+I0M

WE~NT U F O R

10 TP=2.%P1
i1 PR=0,01745329
12 ALMDAZ=(V1,8/,4T75)%040254) %2 r
14 ALMDAZ=1,0
14 READ(Be) ULLeDL2+DLE«NOSLoNNS2,NOS3eN1eJ2eNDeINTIALNSETS
15 MUDEL={NUS1=1)eN1
16 MODE2=(NOSZ=1)%{N2=NY)
1/ VMPNEZ=S(NUS3=1 ) (ND=MNZ)
18 NMONE=MOOUE 1+MONE2+MODED
19 INCS(NMOLE *NMCNE=NMOUE ) /72+NMODE
20 ReAD(Be=) SPCe17
21 STINX=SPC/2605/(He*3,141592/ (X%, 76%ND) ) ¥x(1,/34)
22 STOY=STDX
23 STDZ=STOX
24 MO 80 NSET=1+NSETS
25 Ix=I12
A 26 CALL CI-DGEO(ND+STOX¢sSTDYSTD2elXeXe0YeZeCAWCB,LCB)
o 27 CALL CLDMOD(DLY +DL29DLIINOSTIeNOS2eNOSS e sN2yNDIDM
: 28 2eX9Y02eCACBICReXXaYY92Z2¢CCAICLBICLGoHK I HLLIZS)
i 29 ¢ WRITE(6v2) ((IeXX{I)aYY(I)e2Z(1))elzd NMODE)
30 2 FURMAT(SXeI5e3F15,4)
31 CALL ZTU(RMODE ¢ XX oYY eZ2ZeCCA'CCBeCCOeHKeHL 1223 9ALOINT Y
32 1I0MeMODEL yMODEZ+C o I0N)
; 33 ¢ WRITE(B43) ((ICULI))«I=14INC)
; | 34 3 FORMAT(SX41942E15.4)
| 35 calL SQROUTI(CoNMODE «I0N)
i6 PH=0,0U
37 CPH=1.0
* 38 SPH=060
] 39 MPHI=360
4y DPH=10
41 XNTT==1000,0
42 XTP==1000,0
43 XNPP==1000,0
44 AYTT=040
45 AVPP=(U N
46 DO 66 NPH=1 NPHI
47 CALL BKCU(CPHeSPHe0oO0sECTTECTPECPP,
4a 2¥X oYY eZZvCCAsCCBeCCOIHK s NMODE s JOMeCIETTEPP+S«ION)
49 GO TO 77
50 IF(ECTT LT, 000000001) FCTT=0,00000001
51 IF(ECTP,.LT,0,0000060001) FCTP=0,00000001
5 TE(ECPPLT.0,00000C001) FCPP=0,000000601
53 PBTTI(NPH)=10,*#ALOGLO0(ECTT*ALMDA2)
S4 NPBTP(NPH)=10,%AL0GL1O0{ECTP*ALMDA2)
55 PEPPINPH) =1n,xALOGLO0(ECPPxALMDA2)
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56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
e
89
90
91
92
95
94
95
96
97
98
99
100
101
102
103
104
108
106
107
108
109

77

Y

999

1000
21000

76

80

IFIXNTT LT LOBTTI(NPH)) XNTT=DBTT(NPH)
IE(XNTP LT OBTPINPH)) XNTPZORTP(NPH)
IF(XNPPLT.UBPPINPH)) XNPP=DRPP(NPH)

CONTINUE

AVTISAVTISECTT

AVPP=AVPP+ECPP

PH=PH+NPH

PHR=PH®DR

CPH=COS(FPHR)

SPH=SIN(PHKR)

CONTINUE

AvV11=(AVIT+AVPP)/FLOAT(NPHI) /2,

WRITE(Be=) SPCeAV11

GO TO 2000

DO 999 NPH=1(NPHI

DBTT(NPH)=DBTT(NPH)=XNTT

NBTP(NPH) zBTP(NPH) = XNTP

DBPP (NPH)=DBPP (NPH )« XNPP

COUMTINUE

WRITE(B84s1000)

READ(84=~) ICC

CAl-L PLOTI (N1 o¢N2eNDeULIDL2eDLI(NOST +NOS24NOS3,y
2INTeICCsUBFPoeIZ e XNPP+STOX)

WRITE(841000)

READ(8es=) 1CC

CALL PLOTI(NL¢N2oNGeULL1DL2eDLIGNOST1NOS24NOE3,
2INTOICCoURTT T2+ XNTT+STDX)

WRITE(8,4,1000)

READ(8+=) ICC

CALL PLOTL(N1¢N2eNDsDL1vDL2¢DL3GNOS]1eNOS24NOS3,
2INTYICCIUBTPeIZ e XNTP«STDYX)

FORMAT(SX 4 *READY TO PLOT?¢1¢3020)

CONTINUE

12=12*8709

IF(IZ) 76.80,80

CONTINUE

12=12%8388607+1

CONTINUE

caLL EXIT

END

SUBROUTINE CLOMOD(OL1eDL2¢DL31NOSL1eNOS24NOS3NLIN2eNDeIDM
2eXeYeZsCAGCHeCReXXoYYZZ+yCCACLPBICCEIHKHLL23)
DIMENSION X(1)¢Y(1)eZ(1)eCACTI)oCBIL)eCO(L) o XXNIL)eYY(1)e22¢1)
DIMENSION CCA(1)+CCBU1)sCCG(L) oHK(1)

DIMENSTON NM123(3)4IL123(2)4IU123(3)+0L123(3),HL123(3)
TP=Z2.%¥3,141592

nDL123(1)=pL1

DL123(2)=0L2

DL123(3)=0L3

HL123(1)=DL1/NOS1
HL123(2)=0L2/N0S2
HL123(3)=DL3/NOS3
NM123(1)=N0S1=1
NM123(2)=N0S2=1
NM12Z(3)=N0S3e1




111
11
115
114
115
116
117
118
119
120
121
12¢
123
124
125
126
127

128

129
130
131
132
135
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
155
154
155
156
157
156
159
160
161
16¢
163
1e4
165

30

1L123(1)=}1

IL123(2)=1+N1

1L124(3)=1+0n2

1UL23(1)=N1

Tul23(2)=N2

TULZ23(3)=ND

KK=3

TF(NDeLTe3) KK=zND

DY @ KsleKK

IA=IL123(K)

IB=IUl23(K)

ng 1 I=sIA,IB

NMaNM123(K)

No 1l II:l.NM

Lsll+(I=IA)enM

iF:K.GT.l) L=L+IR

X(L)IZX(1)=(DL123(K)*0,.5

YY(L)=Y(1)= | -"FLOAT(II)*HLIZS K

zth)=2(1)—:gtzig::):o°b'FL°AT‘ll’*HL123:K=::;s:gati’

St BN St L G Ea Bl )
CG(I)

CCR(L)=CRB(])

cetlud=Ccu(l)

HK(L)=HL123

CUNTINUE A

IR=L

CONTINUE

Re TURN

twl

SUBROUTINE CLNGEO(N.STD

NIMENSION X (1) b OGR! RGNS icki S0

NATA pl/o.1u;;;;;1).z(1).CA(:).catl).ca(;) 12eERCBeCE)

TP=2.%P1

Ia=IZ

STOXK=STuX*1p

STOYK=STUY*TP

STNZK=STUZ* 1P

NO 3u I=14N

g:tt Z:U§§(;XQSTDXK'0.OQX(1)’

AL USS(IX¢STDYKsUL00Y (1))

= o GAUSS(IXSTDZKe0404Z(1))

Ii:vaAhUU(lx'IY'AI’

PHI=STP»A)

CALL RANDU(1 .

oy (IXeTYeR2)

COSTH=Z ¢ *%02=1,0

SINTHSSAKT(1e=c0 -

e e S

CB(I)=SINTH®SIM(PHT)

Ce(I)=COSTH

CONMTINUE

RE TURN

EnD

SUR

A:OTSUTINE GAUSS(IXeSeAM,V)

226




50

Yo

0o 50 I=1,.12
CALL RANODU(CIXqeIYeY)

Ix=IY

A=A+Y

V(A=6,0)%S+AM

RETURN

FiND

SUBROUTINE RANDUCIXeIYeYFL)

Ty=Ixs16645%

IF(IY)Bebob

1Y=1Y+8388607+%

YFlL=1Y

YFL=YFL%,1192093E«6

RETURN

FnD

SURROUTINE ZIJ(NeXX9YY922¢CCAICCRICCOoHKHL123¢AL s INT,
1TUMWMODEL +MODE2+Co IDN)

COMPLEX CAAsCBReCCC

COMPLEX F11eP12¢P2]14P22¢ZMNeCIVCC(1)

ODIMENSTON XX(1)eYY(1)eZ2Z(1)eCCA(L1)eCCBIL)0CCG(L) o HKIL)
DIMENSION HL123(3)

PATA PI/8,141%592/

TP=2,%P1

AK=ALXTP

CAAZZMN{ALHL123(1)40,0)

CBRSZMN(AL «HL123(2)4¢0,0)

CCC=ZMN(AL +HL123(3)40,0)

NU 440 I=14N

I[=(l=1)%N=(]I%xT=]1)/2%]

IF(I,LE.MODE1) C(IX)=CAA
IF(1.6T.MODE14AND.ILE.(MODE14MODE2)) C(IX)=CHB
TF(I«6T.(MODEL+MONE2)) C(II)=CCC
CONTINUE

N1SN=1

IF(N1.LTsl) N1=1
NO 45 I=1,.N1
nSSHK(I)
CuS=COS{LS)
SPS=SIN(DS)
X1=XX(I)=0DS*CCA(I)
Y1=YY(I)=DS=CCR(I)
21=2Z(1)=0D8*CCh (1)
Xeg=XX(1)

Yya=YyY(1n

722=242(1)
X3=XX(I1)+DS=CCA(T)
Y3=YY(1)+0S*CCB(I)
23=2Z(1)+DS=CC( (1)
Tus(I=1)*Ne(IxI~=1)/2
IP=1I+l

IF(IP«GTeN) RETUXRN
DO 45 J=IPeN
DT=HK(J)
SPT=SIN(LT)
TJ=ID+J




XA=XX(J)=DT*CCA (V)
YAZYY(J)=DT*CCR(J)
ZA=ZZ(J)=DT*CCG(J)
xXg=XX(J)
Yg=yYY(J)
28=22(J)
XC=XX(J)+DT*CCA(Y!
YC=YY(J)+0OT*CCR(J)
2C=22(J)+0T+CCG(J)
CIJ=(0e040.0)
CaLL Z6S(X1eY1¢21eX29Y2¢Z2¢XA9sYALZAXBoeYR2ZB,
1AKsDSsCUSsSUSoDTSOTeINTPL1ePL2.P21 P22
Cli=ClJs+p22
CALL 2GS (X1+Y14214X2:eY2¢Z2¢XPeYB2B4eXCoYCo2C,
1AKsDSeCUSsSOSeDTeSOToINTIPL114PL24P214P22)
ClJ=ClJu+i21
CALL ZGS(X2¢Y2¢22¢X3:Y3423¢XA9YAZAXBeYR 2B,
1AKeDSICUS+SUSeDTeSOI e INToPL1ePl24P21P22)
CiJd=ClJ+P32
CALL Z6GS(X2¢Y2e224X3¢Y3423¢XReYBeZBoXCoYCo2C,
1AK DS eCUS+SDUSeNTeSOI e INTeP11ePL124P21+P22)
c(IJ)=CIlJ+P11
45 CONTINUE
Re TURN
EnD
SURROUTINE ZFFD(XeYeZeCAsCBICGoCTHeSTHICPH:SPH
2SUKCDOKsHK +FTeEP)
COMPLEX ET«FPeEJBES
Gz (CA%CPH+LBxSPH) «STH4CGACTH
GK=1e=G*0
ET=(040,40,0)
EP=(Ue0oU,0)
IF(GK.LT.0,001) GO TO 200
R { XEXCPH+YRSPH) *STH+Z*CTH
FJUBECMPLX(COS(A)eSIN(B))
FS=(040460,U)REJBX(CUOK=COS(G*HK))/cK/SDK
T=(CA%CPH+CExSPH)®CTH=CGXSTH
==CAXSPH4+CR2CPH
ET=T=*ES
FP=PxES
CONTINUE
RETURN
FND
SURROUTINE HKCDICPHeSPHeCTHFCTTLECTP+ECPP,
2XoYeZeCAsCBeCOIHKaN e IDMeCoETTILPPeSeIDN)
NIMENSTON X(1)eY(1)eZ2(1)4CA(I)eCBIL)4COC(L) oHK(L)
COMPLEX CUL)GETT(L)2EPP (1) eS(1)sETHIEPH
DATA Pl/3,141502/
TP=2.,%PI
STH=SOQRT{1+=~CTH*CTH)
NG 70 I=1.N
SUK=SIN(HA(Y))
CuK=COS(hK(1))
Cabl ZFFUIX(I) o Y(I)aZUI)oCACT)oCHBUL  oCO(I)oCTHISTHICFHSPH
2S8DKeCUKeHK (1) ETTCI) EPP(Y))

228




. |
IR 276 S(IV=ETT(I)*(04041.0)/TP/30,0
3 277 70 CONTINUE
1 278 CALL SQROT2(CeSeNeIDOM,IDN)
b (4] 279 ETH=(06040,40)
e 280 EPH=(0400UoU)
% 281 D0 80 I=1,N
E 282 ETHZETH+S (1) %ETT(I)
b - 283 EPHZEPH+> (T ) %FppP(I)
k : 284 80 CONTINUE
i 1 285 Ce TH=CABS(ETH)
' : 286 CEPH=CABS (EPH) 1
E | 287 ECTT=C.0*TP*CETH®CETH
E ' { 288 FCTP=2. 0% TP*CEPH®CEPH 1
{ 289 DO 90 I=1,4N
; 290 S(I)ZEPP(I)*(0,001.U)/TP/30,0
i , 291 90 CONTINUE
. {l 292 call SQROT2(CeSeNe1UMION)
i - 293 EPH=(Ue000.0)
£ J 29“ DO 100 I=10N
" { 295 EPH=EPH+S (1) *EPP(])
J 296 100 CONTINUVE
297 CEPH=CABS(EPH)
298 ECPP=2.,0*TP*CEPHSCEPH
{_ 299 RETURN
300 EnD
301 SUBROUTINE PLOTI(NAWNB«MCsOLI sUL2+DLI«NOSLeNOS2eNOS3,
, { 302 2INT o ICASE oF ¢ IX ¢ XNORM¢STDX)
- 303 DIMENSION LX(9) ;
304 DIMENSION IBUF(100)sL1(4)¢L2(5)4L3(6)eLD(L)¢LINT(2)0 ,
g 309 2LNOS(2) sLN(T) o LPHI(S)oLL(2)sLLAMDA(3) «F(360)4X(360) :
2 R 366 DATA L1eL24L3/712H PHI-PHI RCS+15H THETAPHI RCSo
¥ 307 218H THETA=THETA RCS/
: : 306 DATA LLAMDACLINTILNOS/9H LAMDAs ¢6H INTSegH NOS=/
‘ [ 309 DATA LNsLPH1/21H DIPULE RANDOM CLOUD+¢154 PHI(DEBREES)/
- 310 DATA Ll 4LD/EH OBSWe3H L=/
‘ ) 311 DATA LX/25H NORM FACTQR= 08/
: 'ij 312 CALL PLOTS(IBUFy 100+ 3)
4 ! 313 CALL PLOT(UeO¢0e0y=3)
" 314 CALL Axxs(000QIOS'LPHI'-15'1500'000000002“00.1025"1’
:t ) 315 CALL AX¥IS(0e0e1eSelL 14616425190, 00°40¢U98¢001¢25¢»1)
b LJ 316 CALL PLOT(0eC¢7e754¢3)
”"'.* 37 caLl PLOI(150007075!2)
& ” 318 CALL PLOT(1%5¢0416542) |
[} 319 YH=8,25 :
. 320 =0,2 ]
F S 321 CALL NUMBER(0e31¢745000415FLOAT(IX?90s0¢al) ’
£ [E 322 CALL SYMBOL (4,75+7400,154LXe0e0025) 1
ﬁaq + 323 CALL WUMBER(74n097,09,15¢XNOFMe0o0e+2) :
R 326 SPCISTDX$2,05% (44%3,161592/(R,%,76NC ) ) wn(14/34)
i 325 CALL NUMBER(13¢617¢50¢0¢15¢STDX00s0¢44) E
: [] 326 CALL NUMBER(13¢607¢2040015¢SPC00400+4) :
i 327 CALL NUMBER(DeR 980590 415¢FLOAT(NA)v0elrel) i
e, -,-J i 328 CALL NUMBER{O 8989254, 15¢FLOAT(NP)040tmy)
s l] 329 CALL NUMBER(0eRsTe991415¢FLOAT(NC) 90400m1) 4
- 330 CALL SYMBOL(1,%0eYHoeWeLNeOe0Dy21) ~ 3
1 :
3. 2
[] 229 ay 1
—~— y 4
4




331
332
333
334
335
336
337
338
339
340
341
‘ 342
343
344
3us
346
347
g 348
i , 349
[ 350
351
352
253
354
‘ 3595
- 356
b 357
e 0 | 358
. 359
i 360
E - 361
. 362
; 363
364
36%
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
| 384
» 385

AL FEL 222222223 222222 222222 222 X2 2222222 P 222223 R3S 3]st L]

Cx
(o
r*
c*
C*
Cx
C*
Cc*
C*
C*
Cx
rx
(oL
Cx
Cx
cx
C*
Cx
C*
cx
Cx*
c*
(o4
C»
C*
Cx*
c*
C*
c*
Cx
cx

20

cAaLL
caLL
CALL
cakt
CaLL
CaLtL
cAaLL
CALL
caLL
caLt
caLl

SYMBOL (S, 7S eYHeWeLD00o0e3)
NUMPRER(6,39¢8¢594¢15¢0L1¢0,0¢¢3)
NUMBER(6,35v8¢29¢015¢0L200,.00¢+3)

NUMBER (643507 e90401540L300,00+2)

SYMBUL (74200 YHoW LLAMUAD,Q09)
SYMBOL(8.5¢YHeWeLINTe0,N06)

NUMBER (9478 s YHoWoFLOAT(INT) ¢0e0e=1)
SYMBOL (10,4 e YHeWsLNOS0,006)
NUMBER(11,698¢59¢¢15¢FLNOAT(NOS1)v0,00=1)
NUMBER(11e698¢2D40154FLNAT(NOS2)00,00=1)
NUMBER (114697 ¢904e15+FLOAT(NOS3)00,00=1)

IF(ICASE+EG.1) CALL SYMBOL(11+8e¢YHeWel1le0e0012)
TF(ICASE.EQe2) CALL SYMBOL(11e8,YHeWolL2¢040015)
IF(ICASE.£G,3) CALL SYMBOL(11,8¢YHeWeL340400¢18)

of 1A

PLOT(0eCeleSe=3)

DO €0 I=1,360
IF(F(I)eLTo=40,) F(I)==bo,

Xx(I)s

catL
CALL

I
LINL(X'O.OO'(“.DQFQ'“O.-8.0036000052)
PLOT(17¢0¢*1,5¢ 999)

Re TURN

END

SUBRUUTINE SGWROT1I(CeN4sIDN)

PURPOSE

TO TRANSFORM A SYMMETRIC MATRIX INTO AN AUXILIARY
MATRIX (IMPLICIT INVERSE)

USAGE

CALL SGROTY(C+N¢IDN)

DESCRIPTION OF PARAMETERS

c = THE ARRAY CONTAINING THE MATRIX IN COMPRESSED
FORM OM ENTRY ANO ITS AUXILIARY IN COMPRESSED
FORM ON EXTIT
N = THt NUMBER OF ROWS UR cOLUMNS IN THE MATRIX
Ion = THE DIMENSYON OF THE ARRAY C
REMARKS

THt UPPER TRIANGLE OF THE MATRIX IS STORED RY ROWS IN THE

ARRAY C, ONE DIMENSIONAL SUBSCRIPTS ARF RELATVED TO

CORRESPOMDING TWO DIMENSIONAL SUBSCRIPTS uY
IJz(I=1)*N=(Iwl=])/24J

WHERE IJ IS THt ONE ODIMENSIONAL SUBSCRIPT ANO I AND J

ARt THE TWO DIMENSIONAL SUBSCRIPTS

MZTHOU

"SGUARE ROOT" METHOD FOR SOLUTION OF A SYMMETRIC MATRIX

EQUATION, THE ORIGINAL SYMMETRIC MATRIX M AND THE UPPER

TRIANGULAR AUXILIARY MATRIX A ARE RELATED BY
M=TRANSPOSE (A) *A

REFERENCES

FAUDEEV,. De Ko AND FADDPEEVAe Vo Noo COMPUTATIONAL
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386 C»
387 c»
388 Ccx»

389 (Cxvwx FPEREERRERE AR AR REE RN RE KSR KA KKK RN AR XA AC R RS SRR

390
391
392
393
394
3995
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410

- 411

412
413
414
415

METHODS OF LINEAR ALGERRA. We He FREEMAN AND CO,¢ SAN

FRANCISCO. 1963,

COMPLEX C({ION)
C(1)=CSAKrT(C(1))

No 1 K=2+n
C(K)=C(K)/C(1)

g @ I=2«N

1::0=1=1

Ip0=l+1
Jo=(I=1)*N=(I%T=1)/2
T1=I0+]1

ro 3 L=1sIMU
LI=s(L=1)*N=(Lx|~L)/2¢]
C(IN=C{Ll1)=CLINRC(LT)
C(IIN=CSuUKT(C(11))
IF{IPO.GT n)GO TO 2

DO 5 J=IFOWN

TJ=ID+J

NO 6 M=14IMO

M= (M=]1)®N=(MeM=M) /2
MISMD+]

MI=MD+J
C(IVISC(IV)=C(MJI*C(MI)
c(IJd)=C(iJI/sC(II)
CONTINUE

AT TURN

EnD

Pe

164=147

SUBROUTINE SQROTZ2(CeSeMyIDMeIDN

'I} 435
436

417

418
L) 419

420
O 421
Ty
423
424
j 425
426
427

[} 424
i 429

430

431
[} 432
433
434

437
438
[} 439
440

C»
Cx
€%
c*
C*
Cx
r*
Cx
(o
Cx
(o3
C*
C*
Cx
Cx
C %
C*
Cx
Cx*
(o
cx*
Cx
(o
C*

PURPOSE

TO OBTAIN A SOLUTION TO THE SYMMETRIC HATRIX EQUATION
MX=Y USING THE AUXILIARY OF M CALCULATID BY SQROT1

USAGE

CALL SQROT2(CeSyNeTDMeINN)

DESCRIPTION

C
S
N
b daly]
JON

REMARKS

THE UPPER TRIANGLE OF THL AUXILIARY MATRIX IS STORED BY
ROWS IN THE ARRAY C, OME DIMENSIONAL SUBSCRIPTS ARE
RELATED TO CORRESPONDING TWO DIMENSIONAL SUBSCRIPTS BY
IJz(l=1)*Ne (Ixl-1)/2+J

WHERE IJ IS THE ONE DIMEWSIONAL SUBSCRTPT AND I AND U

OF PARAMETERS

AN ARRAY CONTAINING THE UPPER TRIANGULAR
AUXTILIARY MA{RIX IN COMPRESSED FORM

AN ARRAY CONTAINING THE RIGHY HAND SIOE VECTOR
OF THE EQUATLON ON ENTRY A!'D THE SOLUTION

VECTOR ON FXiT

THE NUMBER Or

231
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SIMULTANEOUS EQUATIONS
THE DIMENSIOnN OF THE ARKAY S
THE DIMENSIO\v OF THE ARRAY C

L ey L T T T I DT I T T I I T I I

BREERRELGRREERRERERREERREEREREBREES




441 o AREL THE TWO CIMENSTONAL SUFSCRIPIS * o
Hhud C» * [],
443 ¢ SQKOT1 MUSY BE CALLEU REFORE THE FIRST ENIRY TG SCRUTZ * 3
444 C» . r
44s = ME THOU *
YU (v "SEUARE ROOT» NMETHOU FOR SOLUTIUN oF # SYMNDETRIC ™ 1RIY *
il 447 x FQUATLON, THF ORIGYMAL SYMMETRIC +pTRIY M AvD THE UPPLP *

4 448 Cx TRIANGULAR PUXILTARY MATRIX A ARE RELATED HY %

1 449 r=» MZTRANSPOSE(A)Y*A *

: 450 C* L

3 451 ¢» REFFHELLLS *
452 C» FAUUE‘.V. Ne Ko AMO Fﬂ(‘nELVﬁ. Ve Ngs C(:’f‘pUTlITIONAL *
458 Cx METHOUS OF LINEAP ALGFPRAY he He FREEMAN Aily CO.y SaN *
454 ra FRANCISCNY 1963, P, 14HL~147 ®
459 Cx *«
UHE (¥t ¢ g v E R RN R E s RN AR P T RN D g P AR AN O R AP P H I A R Sk ¥ SRSt h e d AR &
457 CuMPLEX S(10M)CLI0N)
45 Se1)=s(1)/C1)
yt9 10 I=eei
46u 140=1=1
461 hy 11 L=2,1M0
Y42 Lis(l=l)%u={Lel =L) /724
4ad 31 (I)=Se1)=C(LTY*S (L)
464 Tis(I=1)4r=(IeT=l)/29]i
465 e c(U)=sS(I/CLINY
YEC LS ((NEYL )Yl )72
4h7 S(MY=SINI/C (AN
4aY ) O=ag
464 g 29 T=lel
L7770 WMe]
“71 MEOsK+1l
472 kpyz=(Kel )b pua (Krwa=K) /2
474 rg 26 LshpGoh
474 KL=KN+L
475 21 S(R)I=S(K)=CIKL)I®ES (L)
470 KRSKLU+K
477 SEKYI=S L) /C KK
478 ¢t CuMTINUE
479 fr TURN
“60 ‘.ND
481 SUFROUTIME SICT(SToCIoX) SICIONO
BEBZ CEXt st S P BB TR IV AR E T REAE RN AP IV R AP SRR A A APy kbt b SV o Rn kb d e v r ity SICI0OQL
4ES re * S1CIVR
484 r+# PURPOSE s SICLlUuLd il
4Wao rr COMPUTES THE SINE AnD COSINE INTEGRALS * S)1CI0uy T+
Qe * « SIC10uS %H
487 = USAGE * S1Clune
488 rs CALL SICT(STCleX) * SICIUN7Y
4E9 C*x * S1C10vE
490 c» DESCRIPYION OF PARAMETERS « SIClury
491 L1 = THE RESULTANT VALUE SI(X) * SICIvIv
492 C» Cl1 = THE RESULYAMT VALUF CTI(X) » S1Cluil
$93 re X e THE ARGUMENT OF SI(X) A0D cX(X) * SICIVLZ
494 (= * SICIVLS
495 REMARKS * S1ClCle




496 s THt ARGU™ENT VALUE REPMAINS UNCHANGED « §1C163%
497 C» s SICIUb
4aL SUHKROUTINES AMN FUNCTTON SUUPKOGRAMS REQUIIRED = SI1CIp)Y
499 (=« NONE, = SI1CIuYg
500 * SICIVLY
Bl rx METHOL * SICILZD
502 r» NEFINITIOM * S1C1Led
5nS (e ST(X)=IMTEGRALISIM(T)IZT) ¢ S)IClUce
504 ¥ CIO)=TINTEGRALICOSIT)/T) * SIClLes
HOOD o FvnLuaTION % £1C10en
Hur (2 RELUCTION OF RAMGE USTNG SYMMF THY * SIC10ed
507 C» PNIFFERENT PPPRUXTIATIONS ALt USED FOR ARS(Y) GREATER * S1CIUee
908 s THAN o ARD FOR ARG (IA) LEOS THAN 4§, & SICILeY
HoY (9 v SICLuen
510 v REFERLNCES * LICILu
51) (» 16y SCIENTLIFIC SURPQUTTIME PACKAGE pPo 470 * SiClusn
012 (.« LUhg AND WIvPy PO YROMTAL APPRUXTIEATIONS YC IMTLGEAL + SIClus)
519 re TRANSHORMSYy MATHEMATICAL TAGLES ArD) o¥ntw £l0s TO s LICIL.e i
S14 COFPUTATION e VULe 150 1%%0) ¢ LSSUE 7Hs R, 174=17¢ * LV1CI00s 5‘
519 ¢ LICILAY
DIE (o0t bt ot b A h e RS PR AP VR RR R RNG I A AR TR g b r e * A v En g nnnnpaneard SJCLIOAD :
517 7=0BS(X) ' £1CIuds
[ 51¢ T (Z=%a01) 900t : s1CIve7 ;
519 ) ve(y.de2)s (b, 042) CICI0Hw
P 520 Spz=e=lef tuySipu , Slcivey k
S21 I+ (2)3e200 SICiLw,
oed ¢ Cl==1.NE3C CICIuv
5 1 b2 P TURY na S1Clvhe
O £ S24 A SIEXe(I00(1,752141F=9%Y4] H6PC08 =70 Y4) , 3TH16RE-S) %Y 4E 959609 k) SICILYS
" | 525 CeYAL INUUIZE =) s Y4l 4 895509E=1+51/)) S1CI04Mu
520 CIS((OeTT ) eE=147L06G(L) ) /2=7% L (( ({14080 Q85 a)0¥Y+) SBYYCHE=F)xY SICI0GS
b [ 527 P4+LleT20T5CE -0 ) Y41 ,1ADCUAF el )5 Y4y ,SHNGr0Fusd)sy+l 2103080 =1) )2 SI1CIVve
. E 928 tpg TURN $1C1047
; S1=SINt2) S1CI0Lwve
y=COs(2) S1CILuY
2=%,0/7 $iCItSv
Vel OLla,,UnleDF =09 2=0 270 L3 F=2) ¥ /45, 5150T70f=2)22=7,:61642E=2) SICIUS)
PHLFG T =PV ¥l =R 892519 E =3 ) w202 edIU01TE=CZ ) %2~ 4134950LE=5) s S1CILa2
A40:25001 0L ) 742 5RIDEDF L] SICIUSYS
Vel (o U RUQF w4242, P191T7SE=2) % 2ab537285F=2) % SICIULL4
CrTe02( A4 )42l NG Y16F e )e2=7 ,9UEOHEFad)»742400i1203, = )02 SICItH%
323¢THLUNNUL=H ) 4228 1 2¢Y)AF ez )22 =6, ,FHAUUL aT ) uz42HG00NQ0 =] S1CIUse
Clzsdr(K]1*yv-Y¥|)) LICIUDY
Q=¥ (SLleLIYPVY) SICIu»n
TFIX)Debes, SIClUay
L R Se3 VLS5 ENSG] SICIUnC
Ke. TURN S1CIted
ean SI(.IUb(
SUBROUTINE 2GSIXAs YA Z A eXLoeYP 2B eX1eYla21 0¥ Y2¢720¢AF o
SO eCODeSULINT LRI o I oPLLaFIN o] ¢P22)
CUMPLEY LuToebJt et J2 ot UACEULIFRLILRZeENIVETZ2eP11eP120F210eF2240G4M
CuPLEY SuLSeSaDT
CATA ETAWGAT aPT/376e7270(e0016)93.141599/
cas=t{ye=x1)/u'v
Cos{Yzg=Yl)/LT
233
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Cb=(22=21)/0T

CASS(XR=XA) /DS

C8S=(YB=YA)/DS
CuS=(ZR=2A) /DS
CC=CAXCAS+CBeCS+CG*CGS
IF(ABSICC)CTo0e937)60 TO 200
SZE(X1=XA)3CAS+(Y1=YA)*CBS+(21=2A)%CCS
TF{INTGEGLC)GO TO 300
CeLS=COS

SGOS=CMPLX(«04S085)
SGOT=CMPLX(40480T)
11S=2x(I4T/2)
TF(INS.LT,2)INS=2

IP=1NS+1

PELT=DT/INS

T:.O

NSZ2=CC*DELT

P11=(»04¢0)

P12=(e0eell)

Pel=(eCeeal)

Pe2=(ell9e0)

AKSSAK%AK

SiN=-1,

0O 100 IN=1.1P

7¢1=82

242=SZ=N>
XXZ2=X1+T*CA=XA=SZ*CAS
YYZsY1+T*CB=YA=SZ#(CBS

262214 TH(GmdA-SL*CHS
RSSXXZRX2+YY2u%24772%%2
R1I=SQRT(RS+Z21%%2)
fFJASCMPLX(COS(R1) e=SIN(RL))
EJi=EJA/R)

Re=SQRT(RS+Z22%%*2)
FJUB=CMPLXICOS(R2) «=SIN(R2))
£JU2=EJB/RZ
ERISEJARSOGUSH+ZZLI*EJLI*CGDL=222%E U2
Ex2==EJB*SGDS+722%EJ2%CG6)S=271%EJ)
FaAC=,0

IF(RSeGT o AKSIFACS{CAXXXZ4CHRYYLFCGR2ZL) /RS
FT1=CCw(buz2=-EJ1xCODS)+FACKERY
CT12=CC*x(LJI=EJ2*CENS)+FACEER?
C=3,+SGN

IF(INSEQel OR, INOEQ.IP)C:’..
CL=CxSIN(LUT~T)

C2=CeSIN(T)

P11=P1ll14tT1¥*(CY

P12=P12+ET1#C2

Pel=P214LT2*C1

Pz2=P22+e.T2#+C2

T=T+DELT

£2=82+18¢

SoN==SGN
CoTsS=(e0vle ) *FTAXNELT /(12 ,%PT*SENSXSGUT)
P11=CSTx"11
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5

8=

606
607
608
ens
610
611
61?2
613
614
6195
6146
617
618
k- 619
62V
621
622
b2d
624
620
626
627
628
629
630
631
632
63
634
639
’ 636
6437
638
639
640
64l
642
64
644
649
646
647
640
649
650U

; 651
£J 652

oy, | Seem f-.'."‘ r———
i “

1 - ! 3‘ 3 O ——— (M

& = a=

653
654
655
656
657
( 658
(J 659
660

)—(lfn

300

P12=CST*Hlc
Pel=CS8TeP 21
P22=CSTxPyy
Fe TURN
CLLI=(XY=XA)YCAR*{T1=YA)RCES+(Z1=28)%C0S
Ppril=SERTE(X1=XA=SZ1%CAS) ¥ %24 (Y1aYACSZIRCES ) *x24(21=2A=S21%C6S)*2)
SL2=521+40UT*CC

RHZSSART( (X V=XNA=SZ2%CAS) %2+ (YLmYA®SZe*kCRS)#%2+(22=2A«S22%CGS)%x%2)
NUKS(RH1+KHZ) /2,

IF(DDK LT AKINNKSPK

CALL ZGMM (401 4PReS521e8S22¢D0ReCUSeSOSeSUT1eePL1eP12¢P21,P22)

Re TURN

S$=SUKT(1,=-CCxeC)

CAN=(CGS*(Ct=CRS%xCR)/SS

cuN=(CAS*xCL=-CRe*LA)/SS

foD=(CBS*xLA-CAS*CB)/SS

TKE(XL=XA)*CAD+(YI=YA)RCRD+(71=2A)%CGD

PKSARS(ON)

1 (DKol TeAR)DK=AK

X2=XA+SZ¥CAS

Y2=SYA+SZx( S

7Z=2ZA+SLHCHS

Xpl=x1=DKsC0D

YP1=Yi=DKksCRD

Tr1l=Li=Nn%( D °

CAP=CHBS*LLD=CGo%CRD

ruP=CGS*UAl=CACXCGD

CuP=CAS*Lu=CusCLD

PL=CAP*(XP1=XZ)+CAL«(YPLleY)+COPX(LPL1=27)

T1=P1/SS

S1=STr*CC=8Z

CALL 26MMES] «S140SeT1 3 T140T 40K oCDSeSDSeSOTCCePL1eP124P2),P22)

Re TURN

Fivh

SUBROUTIMNE ZGMM(S] ¢S2 ¢ T14T24DeCDSeSGL] «SGN2,CPSTF114P12,P21,P22)
CUMPLEY t(Z242)eF(202)¢GAMIPLYIF12eP2)P22

FOMPLEY LB oEC FHaFLIEKLOEGZToESLeES24ET1ET2,EXPAEXFE
COMPLEX LGZ(242)006M(2) eGP (2)

COMPLEX EXA(2)E£XB(2)

DATA ETAYGAMePT/3T76472Te(o001e) 03414159/

NSQA=0sN

SGDNS=8SGN)
IF(S2L.Ta51)S6DS==8G0)
SERT=SGN2
IF(T2.LT.TL)SGNT==SGL2

T (ABS(CPSI)eGTa0,997)G0 TO 110
FSI=SCEXP(GAMXST)
FS2=CEXP{GAM®SD)
FTL=CEXPIGAMRTY)
ET2=CEXPLAMKTD)

C=U/SART(1 ,~CPSI*CPSI}

P=CxCPS]

EusCEXP(LAMKXCMPLX (,04B))
ECSCEXP(GAMRCMPLXY(,00¢C))

"Y 10 K=1,2
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661 NO 10 L=l+2
662 10 F(KslL)=(e00s0)
663 ER=EB {;
664 Ny 50 K=le2 :
665 FRE(el)¥xK A
bbée cL=EC t
667 DU 40 L=142 {
668 FLS(=1) %%
669 EXKL=EK*EL
670 XXZFKRHFLAC (
3 671 $1=81 -
: 672 DU 30 I=1e2
4 675 R1=ZSQRT(SG+SI#SI+T1%T1=2,xST*T1xCPSI) i
» 674 P2=SURT(USU+STI¢SI+T2%T2«2,%ST%[2=CPST) !
- 675 Cabl EXPU(GAMRCMPLY (R14FKAST+FLET1e=XX)
676 2 GAMRCMPLX (R24FKeST+FL¥T20=XX) 4EXA(T)) {
617 CaLll EXPU(GAMRCMPLX (R1+FKXST4FLAT1eXX )0 {
678 2 GAMRCMPLX (R2+FK®ST+FLRT29XX) vEXB(I))
679 1F (KoEP o2 o0URe LeERG2)IGO TO 20
680 2C=SI*CPSI
681 EGZI=CEXP(GAM%2C) -
682 CALL EXPJ(GAMR(RLI+ZC=T1) 4 GAMR(R2+42C=T2) +EXPB)
684 CALL EXPJU(GAMR(R1=2C+T1) ¢GAMR(R2=2C+T¢ ) EXPA) {
i 684 F(Iv1)=2.%5GNSk{s0ele)*EXPA/FG2I l-
L | 685 F(I1e2)=2%SGDS¥(e0s1e)*EXPBSFEG2]
3 686 43 S1=S2 1
- 687 FAKoL)IZEIK L)+ (EXA(2)=EXA(L) ) *EKL+(EXBI2)=EXB(1)) /LKL d
e B 688 40 FEL=1./EC
k. 689 50 FK=1./EB -
" 690 CoT==ETA/ (16.*pI*SGUS*SGNT)
B 691 PLISCSTHU( FUL41)+E(2¢2)%ES2mE{142)/ES2)RET?2 =
692 A +(=F(1e2)=E(241)%ES24E(141)/ES2)/ET2)
- 693 P12SCSTHt (=F (141)=E(2¢2)%ES24E(1,2)/E82)%ET1 |
- 694 B +( F(142)+E(2¢1)2E52-E(141)/7ES2)/ETY) 1
. 695 P2LZCSTHl(=F(241)=E(2¢2)#ESL+E(142)/ESL)«ET2
E 696 C +( F(242)+E(241)%ES1-E(141)/ES1)/ET2) -
697 P22=CSTx(( F(241)+E(242)%ES1=E(1e2)/ES1)RETY ]
698 U +(=F(242)=E(241)2ESL1+E(L¢1)/ESL1)/ETL)
699 R TURN
700 110 IF(CPSI.LT40,)G0 TO 120 g}
701 TA=T1
702 Te=Te
703 Go TO 130
704 120 TA==T1 {]
705 TR==T2
706 S60T==8G0T 1
707 130 54=S1 l(
706 PO 150 I=142 <
709 Tu=TA
710 PO 140 JS142 e
711 71J=TJ=S1 {
712 R=SURT(DSE+Z2IJxZ1J)
713 wzR+Z1J
; 714 TE(Z10eLTo0e)W=DSA/(R=21U) L
- 715 V=R=Z1J
e @
N ¥ 236 L
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T T NI SIS T T ST PRS-

L

718
719
72U
721
722
725
724
725
726
727
T2¢
729
730
731
732
733
[£-L
735
736
731
738
739
T40
741
742
T43
744
745
74k
Tul
7468
749
750
751
152
7595
754
755
756
757
758
759
760
76l
762
765
764
769
766
767
7ob
769
T70

IF(ZIJ.GT04)V=0DS0/(R¢2TY)
TF(JeEQR,1)VLIZV
lF(J.EU.l)hlzw
FOZ(1eJ)SCEXP(AIMRZIJ)
TJ=T8

Call EYPU(GAMRYI +GAMEY WGP LT ))

Call EXPU(GAMRYI +GAMRWIGM(L))

S1=S2

CST=ETA/ (B, *P1eSGOSeSGDT)
P11=CSTH(GMI2)2EG2(242)4GP(2)/e62(242)
CmCBLSE(GM(LI®ERZ(Le2)+GP (1) /FG2(142)))
PL22CSTH(=GY(2)9EGZ2(241)=GP(2)/EGZ(24))
2+CGOS*(GM(LI*EGZ 141 )4GP(1)/FG2(141)))
P21=CST*{GM(1)%EGZ(Le2)+GF(1)/EGZ(Le2)
P2aCBUSH¥(GM(2)RFGZL242)+GP(2)/FG2(242)))
P22=CSTx(=GM(1)1*EGZ(L1e1)=GP(1)/EGZ(141)
2+CRDS*(GM(2V*EGZ(2¢1) 40P (2)/FG2(241)))
Rt TURN
£ Int?

SUBROUTINE £XPJ(V1eVZeWl2)
COMPLEX EC+EL1B9SeTeUC VCoVIioV2eW12+2
NIMENSTION VI21)eW(21)4DN(16)¢F(16)
NATA v/ 0.22284667TE 00,

20,11889321¢
20,15982874E
20,22699495¢
20,10120228E
20,2562 2894E

01,0,29927363¢

02,0:93307812E -

01,0.36676227¢
02,0,13130282¢
02,031407519¢

01¢0.57751436¢
0140,49269174E
01.0,54253366¢
0240,16654408¢
0240,38537663¢

NATA wW/ 0., 485”9646 0E 00,
SN, 41700083t 00,0.11337338¢E
20,9854 79 E=N6,0e21823487E

N01,0,9837T46TU4E
00,0,12195%954€
01,0,75659162E
02,0,207764+9E
02,0,48026086¢E

Ule
01,
0l
02,
02/

0N4Ue10399197€«01,0,261V1720E=03,
0Ne0,34221017F 00,0,26302758E 00,

2N 12642562E 00 40e4N2UBLETE=0T¢U65638770F=02,0,12124%61E-02,
20,1116T4N(E=03,0,64599¢26TE-05,0,222631695=06,0,422T4H304E=08,
2N ,39218973=10,0.14565152E+124¢0,14830270€=15,0,15005949E-19/

NATA U/ 0.22495942t 02,
2 UeTUHLL1H68F (2¢=0,41431576F
2 UelB021761F 0%y=0,23862195F
2 Lele23U4T778E 024=0,1U161976F
2=0,210R9H74E 02, U,22046490E
NPATA E/ Ue21103107L 02,
2ol e3TISIIRTE 0Ry=0,9T489220F
Ceel291(CYA5LE 03,4=0,99705574E
2 UelT49078E (Pe=0,32981014F
2 Ye22236Y€lE 024 0,39124892F
2=V1

DO 100 JIM=1,.2

¥=REAL(2)

Y=AIMAG(L)

F15=(e0eeD)

Ag=CABS (<)

IF(AB.FQe04)GO TO 90
IF(XeGEoU, oANNDe ABsGTH10,)G0 TO 80
YA=ABS(Y)
IF(XeLEoU,

0d,

e,
05,
09,
02,

eAMNNe YAWGT410,)60 TO 80

05,~0,78754339F
03,-0,50094587F
024=0,47219591F
0o89728244F

0.12900672E
Ce13524801F
0.31u25336E
0,81636799E

02

01,
01/

03,
02+
02.
01/

0611254744E
03¢=0.68487854E
079729681E

04179492¢6E
0e14696721E
0.81657657E

029
02+
01,

02+
03,
01,

TF(YA.XOGE.17.5.0R.YA.GE.6.SOOR.x+YalGE.5.5.°RQxgGE.s.,Go 70 20
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k

S R

|

771
772
773
174
775
776
777
778
779
780
781
782
763
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
aouv
601
802
803
804
805
806
ea7
806
809
810
811
812
813
814
615
816
817
818
819
820
821
822
823
824
825

10

15

2

30

31

50

54

56

£0

IF(XelLEe=94)G0 TO 40~

TF(X+YA,OEL1,5)60 TO 30

Nzbe+3,%AR

F15=1e/ (N=1,)=72/N2%2

NeN=]

15216/ (N=1,)=%EL15/N

IF(NGEL3)GO TN 15

C15=2*E10=CMNPLX(«S5T7T7T216+ALOG(AB) ¢sATANZ(Y X))

G0 TO 90 '

Ji1=1

Je=6

c9 TO 3

Ji=7

Jes=21

S:(.O'.O)

YS=Y Y

No 32 I=Jdl.J2

YI=V(1l)Y+X

CF=WlI)/Z{XI*XT+YS)

=S+CMPLX(XI*CFe=YAXCF)

GG TO 54

TA3=X*®¥X=YRY

T4=2.*X%YA

TH=XxT3=YARTY

Te=X*TU4+YART3
UCECMPLX(D(11)40(12)%X+D(13)#T324TS=E(12)wYA=F (13)%TH,
2 E(L1)4E(12)%X4E (1) %T34T6+D(12)2YA+D(13)%TH)

VCECMPLX (D (14 ;40(15)%X+D(16)%TI+TH=E(15)%YA=E(16)*TH,
2 C(14)4+E(15)2X+E(16)6T34TH4+D(15)aYA+D(16)2TH)

&0 TO 52

TA=XRX=YXY

T2 %X%YA

TH=XxTA=YAXTY

TeSX*TU+YAXT3

T7=X2T5=YA%TH

Tu=X*¥T6+YAXTS

T9=X%xT7T=YA%T8

T10=XxTA+YAXT?
HC=CMPLX(O(L)+N(2) ¥ X+D(3)xT34D(4)xTS+I(S)*T7+TO~(E(2)2YA+E(3 ) TH
24E(H)*TEHE(S)%TB) oE(LI+E(2)EX+E(3)RTIHE (4 ) %TS+Z(S)*TT+TLI0+ -
S(OI2)*YA+D(B)ATH+D(4)%TE+U(5)%T8)) i
VCECMPLX(D(6)4+n(T7)xX+D(B)xT3+D(9)#T540(10)%T7+T9« (E(7)«YA+E(8) *TL{
24E () XTE+E(L0)*TB)2E(G)+E(TIEXFE(B)*TI+E (9)%TS+E(L0)=TT7+TLO*
3(UIT)IRYA+O(B)*#TH4D(9)xT6+0(10)%T8))

Ec=UC/VC

S=zEC/CMPLX(XsYA)

EXSEXP(=X)

T=EX®CMPLX(COS(YA) 4=~SIN(YA))

F15=Sx*T

TF(YelLT404)E15=CONJG(ELS)

G0 TO 90 i
E155.409319/(24¢193044)4,421031/(2+1,02666)+,147126/(2+42,56788)+
2¢206335E=1/(243.90035)+.,10TH01E=2/(Z248,18215)+,1586S4E-4/(2¢+ :

312T73542)+,317031E=T7/(2419,39%7)
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o

‘3

B

4

2

A

#

i

827
by
629
830
831
vide
£33
by
859
¢ A
(IR Y)
[Ty
by
BYu
8ul
uu
648
CL R
t4ud
B4t
o417
U
buo
=11
874
BSe
854
&E54
6850
856
857
ahe
859
860
YR ¢
[T 2¥
Bod
864
HHD
86t
867
[N
8¢9
a7
672
b7<
875
674
67>
87«
8717
a7
87v

EA9SELORLE XK (=)

TF(UImat vl )wl2=l L
7=Ve
F=Ve/vy

THEATANZLATVAGIZ ) o hEALLZ) ) =ATARD (ALNMAG (VYD) JREALIVZ))
et A TR AEVT e REALIVYY)

AGTABS(TrH)

TH(AD LT, TH=, 0
JF ¢ ]H.Gtulo YTHizh e 2310598
TF{THelL Toml o) THZ=p, 2831873
V=Nl =t LE4CMOL R, GoeTH)

g TURT

Fiafy

COMPLEX FUTCTINON ZW(OU et o« ST )
Pefl Loeblboltb

C:fx.zu-‘llbf“"

(‘:“L

| =HL

Ly =HL

HC=SL

RYN AL

HzAgS (NG ) =L

LL=Lt

prplosdelL

Hp 2LsH+2 0wl

P ALzi4 5002 L

v L=H=LL

Sul=Slra(hLe)

Cul.=CUS(ULtL)

SpH=S LM (Heg.)

CokmCUuS (o))

SOHMLESIN(LYHME )
CulmL=C0OS(Esim )
SOHPL=SIR(E* Py )

CRHPL=COS (teerPy )
SpHP2L=SIn(vspo2l)
CHHP2L=CUS(T sqp2L)

S HPHL =SIn (eHD L)
CubiPSL=CUS (R *hnAL)
TeVPESURIILU*O40*H) o
ERENVA YRS

111 =RTF vy
TeMP=SURT(L O+ HML AHML ) $4qmy
LO=BsTEMY

vosusrde(/TE NP
TLMP=SCRI(US['+HPLPHPL ) +HPL
11a=3» | EMp

VASReU*D/TEP
TeMP=SOR TP P4UP2L AP 2LY+HPDL
U2stspsO/TENP

Vetso 15 My
TLMPEOWRI (D2 Q4Ub AL #HP3L )4 HP A
HysdaysN/TEe P
V=g Tt MY

Corll SICL (SIup«CTyuetin)

ulce

LMNO Sy
LMNG Y

LMHLS2
LMMU S D
2L oY
A1 URE
LMMILS6
G ad
AL T
(i e
PR TV
oMy}
ZMhNU4 e
PRI Y
Loy y
cMNOY S
P& L1ITTYS
2MNuu Yy
ZMNU4B
PALIIEE )
LMNODY
LMNUDY
ZMNUD 2
ZMMUGge
ZMNLe S
ZMNULEY
ZMNUE D
LMNUBD
PNU Y
PALITCY:Y
LY iNUe D
LML Y
PALLITN D
¢MNLT2
A VN Y
ZMNUTY
LZMNA LU




L

i T W R 5 TTE AR M T S R T

861
any
889
8Aau
[<11%s]
62u
a8/
636
arv
Fou
8al
LY
892
494
895

‘896

8s7
a9
L3
901
91
Y
9cy
904
9o
906
an?
90d
944
9210
Y11
92
915
914
91b
Y16
917
91k

Of

Gl

call SYCE (SIuteCIuleud)

raLL STCL (SIyneCIv2ev?)

Call SICL (SIvaeCIvdevy)

ALl STICH (214U CTH30u3)

IF (DelLEsoed) GO TO <O

Calll ST (SIvreCiviaevl)

Cull STCL (SIvnesCIvOevo)

raLl SICE (S1yzeCIVAIVA)

caLL SICL (STupCluesu2)

Cabkl STOL (SIUGCTUS L)

H2lS,Ue(CH M Le(C) L4CIVO=C I =CIVI)=SEHY L (=g TUO+SIVI+STUL=-STIVYI)HC
DupPLE (2 JYVA4 3 CJUS=C I 20TV JUL=ClV L)+ 2P Le(=SIVA+S1US+STUR~
AQIVZaSTULeSIVI4STUA=S VIV 4CEUPAL*(=CIUZ=CIVI+CTUG+CIVU ) +SLnF S (ST
Ghig=SIV2aSTLUESTVH) 42t CPL*CPHE (CIVI-CTIi4+CIVSHCIUI 4202 CHL#SUHE(
SCIVI=SIUL«SIVALSIUA)#2 ¥ CUL X CHHPOILY(CLIVA3CI0UACIUP=CIVZ )42 30 LS
HP2Le{=S1Va+S8T03+401U=81Ve))

Y215, (U La(=SIUHO=SIVA+STMI4STVI =Sl e (=ClJIN4CIVO+CTIULI=( V1)
COHPLS (= g d STy T=y o #SLLZ4SJULHCIYL4STUIHC VL) +SHHPL ¥ (=2, LTYR4Ze(
ATYURHCI o TV et TUYACTVI ) 40 - P ALS (SIUZ ¢S TY2=S TUY=STVU )Y 451 F AL (CTU,
GaCIVA=CTLL+0 TN+ 8L *¥CUHMLEIYI4STUL=QIVA=QIUS)+ 2. %CBL* - buw(CLV
VI =Civa+CTInA) 4o oo CHL xLBHP/L4 (=SIVA=STUSISIUP+SIVe) ¢2 o+ CUL &«SUHP
WL (=CTVo+ JUSsCINP=CIV2)) :

W TU P

cotlrung

C19, 0% CREY L ECTIUN=CIULELLON(H ZHML ) YHCOHAL «(SIUG=STUY ) +oBHPLS
P 17 et3TUS = CJUReS T ) #CRHPL (P o 2 TUR=CIV2=ClIA+ALPGIHP2L/HPL) ¢
AALOGIN ZnbL ) ) 4rHEP ALY (CIV4=CTVL4ALOGUAPZIL/ZHEXL ) ) 4SHHP SL*(STIV4U=S1V2
4 )42, ¢CHBLACHH*(CTUA=CIMI4LLOGIH /hPL) )42 %CH) #SHHS(STUZ=R1UL1) +
9 e ¥CHLICHHP L x (CIUI=CIVO4ALNGIHPEL/IPL) )42, #CRLASBHPIL % (STU3-

e sIved?

Yo io UR(CHhMLa(STUL=STUM +SPUMLs(CIU0=CTYL+ALUGIAML/H ) )+LBRPLE
2 (SIVEHSTUL=2,«STUE)IHSEHPL (2, ¢CTUICIVZ=CIL14+ALOGIHPL/HPSL) ¢
SPLOGEHPLZA D) 40iHFEALS(STVL=STV4 ) +SBHP L= (CIVU=CLV24ALOG (HPBL/HP2L)
LY o YCHLACEN B (SIUL=SIUAY 4o ¥ rHLESHHR(CTUS=CTUL+ALGEIHPL/ZH ) ) +2.4C8
SLaCuiPoL® (SIVeaSIUS )42 2 CBLEQHHPRLE(CIUZaCIVO+ALOGILRPL/HP L))

ZMSCMPLA R eX) 215AL*SHL)
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ZMHL 8
ZMNy Y
P TV ENT]
LANNG9Y
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LMyl ™Y
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ZrinNGe7
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PRI
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ZMNAUE
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CMRYILN
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APPENDIX E
SPARSE MATRIX COMPUTER PROGRAM

The advantage of reducing the computer storage requirement can
be achieved in solving a sparse matrix equation using high-speed
computers if only the non-zero terms are stored. Computation
time can also be reduced if only those operations (associated with
solution techniques) involving nonzero terms are performed. How-
ever, most direct methods of solving systems of linear equations
(e.g., square-root, Crout, Gaussian elimination, etc.) operate on i
the original matrix to produce an auxiliary matrix which in general i
is not sparse even though the original matrix was sparse. '

Sparse matrix techniques raquire that this new auxiliary matrix -
be sparse as well. To accomplish this goal, special schemes are i
used to renumber the original matrix in order to ensure that the :
number of generated non-zero elements is minimum and to index the @
stored elements which include not only the original but also the ;
newly-generated non-zero elements. Consequently, the advantages b
of reducing computer storage and computation time mentioned
previously are only relative, since additional time must be devoted
to the renumbering part and more storage space has to be allocated
for the newly-generated non-zero elements. With these facts in mind,
we proceed to describe, in general terms, one sparse-matrix method given
by Berry [44].

For efficient utilization of high-speed memory and to allow for
practical solution of a very large matrix equation, storage is allocated
for only the non-zero elements of the original matrix. These terms
are collapsed into two columnar arrays. The diagonal elements are
stored by rows in a linear array D with dimensions N where N is the
number of linear equations. The off-diagonal, non-zero elements of
the upper triangular portion of the matrix are stored by rows in a
linear array U with dimensions less or equal to N(N+1)/2. An
efficient set of pointers for locating these terms in the array U
is an absolute necessity. For a symmetric matrix, only the
pointers associated with the upper triangular array of the matrix
are retained. Two pointer arrays II and J are used to index the
array U. It has dimension equal to N. The number stored in
position k of this array represents the starting location in the
pointer array J of terms associated with row k of the original
matrix. J has dimensions equal to N(N-1)/2. This is a column
jdentifier. The number stored in position k of this array
represents the column index of the element U(k). Using the
information contained in II and J, two additional pointer arrays,
IUR and IUC, are set up. They record the same information con-
tained in II and J, but this time the full matrix is being con-
sidered. Note that IUR has dimension N+1 and IUC has dimension
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scheme.
follows:

I1(1) =1
I1{(2) =3
II(3) =5
I1(4) = 6
II(5) = 6

Row Locator

; TUR(1)=1
IUR(2)=3
IUR(3)=5
IUR(4)=8
IUR(5)=10
IUR(6)=11

less or equal to N(N-1).

An example should help clarify this
For the original Z matrix given below, the arrays would be as }

i3 0 I35
I3 Iy O
Z33 I3 O
I3 Iy
0 0z

(1) = 3

J(2) = 5

J(3) = 3

J(4) = 4

J(5) = 4

N=5

Column Identifier

IUC(1)=3
IUC(2)=5
IUC(3)=3
IUC(4)=4
IUC(5)=1
IUC(6)=2
1UC(7)=4
1uC(8)=2
1UC(9)=3
IUC(10)=1

A specialized matrix decomposition known as the "square-root
method" is used to solve the system of equations.
the algorithm given by Berry is used to renumber the unknowrs such
that the number of non-zero elements in the auxiliary matrix pro-
duced by the decomposition is minimum. )

. NUMOFF(5)

NUMOFF(1) =
NUMOFF(2) =
NUMOFF(3)
NUMOFF(4)

2
2
3
2
1

Term Identified |
233 ;1 |
Lig
I3
L24
31
I35
L34
Zy7
243
3

t. ]

e GO & =

Before decomposition,

E




There are three basic parts to the renumbering algorithm. A1l
parts search the non-zero structure recorded by the pointer arrays
IUR and IUC, An array NUMOFF with dimension N+1 is set up to record
the total number of non-zero off-diagonal terms associated with each
equation. NUMOFF(k) equals the total number of these terms that
would appear in the Z matrix in row k.

Part I of the algorithm searches the array NUMOFF once to see
if there are any equations with only one non-zero off-diagonal term.
If one is found, it is number 1 and the array NUMCFF is altered. A
single sweep through the array NUMOFF will rapidly pick off every
equation that has only one or fewer effective off-diagonal terms.
Decomposition of these single off-diagonal term equations will cause
no new non-zero terms in the matrix.

Part Il of the algorithm searches the remaining equations (those
not renumbered in Part I) for equations which can be decomposed with-
out increasing the number of non-zero terms. As each equation is
checked, an array IFILL with dimension N+1 is set up which records
the number af new positions that would become non-zero if that par-
ticular equation were renumbered next. If any equations were re-
numbered in this part, the algorithm is repeated because now the
effective number of non-zero off-diagonal terms is different
from the time Part II is first entered. When a complete Part II
search is made without finding any equations for renumbering, then
Part III is entered.

Part 1II finds the equation that would cause the fewest new
non-zero terms by searching the array IFILL, After the choice is
made and that equation renumbered, the new non-zero topology caused
by decomposition of that equation is recorded in the system of
pointers. After bookkeeping operations have been completed for
renumbering an equation from Part III, Part II is again entered at
the beginning.

After all of the equations are renumbered into the order in
which the linear equations finally will appear in the matrix, the
IT and J pointer arrays are reorganized. For the reorganization all
of the ponters are changed to correspond to the new system of
equation numbers and include all non-zero terms that will ultimately
be found in the upper triangular matrix U.

Finally, the solution of the matrix equation is readily obtained
via the square-root method. This essentially is the very same program
presented in Appendix II in Reference 12. The format sheet presented
there is repeated here.
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There are six input cards which are specified as follows:

Data card
1

Variables
NSETS

- TL

STDX,STDY,STD2,CF

1Z

L2NPHI ,ANGMIN,
ANGMAX

Format
I5

15
F10.5

4F10.5

114

Descriptions

Number of clouds requested to
be calculated

Number of dipoles in a cloud

Length of a dipole in
wavelengths

S\-ndard deviation of a
Gaussian rangom generator for
X,yY,2 coordinates respectively.
CF is a coupling factor which
weights the off-diagonal
z-matrix elements. Usually
set to unity.

Starting point of the random
generator

15,2F10.6 (2) {is the number of look angles

taken in the angle range
(ANGMIN, ANGMAX?

The computer output consists of two parts: first print out of
the input data with proper headings; second the average backscattering
radar cross section calculations as described below.
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Variables Descriptions
AVTT Average echo in -8 polarization
VARTT Variance of the echo in 6-0 polarization

AVTP Average echo in 6-¢ polarization

VARTP Variance of the echo in e-{lpolar1zat10n

AVPP Average echo in ¢-¢ polarization

VARPP Variance »f the echo in ¢-¢ polarization
AV Average echo in both 6-8 and ¢-¢ polarizations

VART] Variance of the echo in both 6-6 and ¢-¢ polarizations

511(20%) The level under which 20% of the return signals belong
S]](SO%) The level under which 50% of the return signals belong
51](80%) The level under which 80% of the return signals belong

Finally the starting number of the random generator for the next computer
run is indicated.
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COTT~NOUFEONS

CEFR AR ERRERB ARSI KRRV EEN KEARE R AR R R R R R R EEE IR R EER A SR RE BN X R ER SR

C*
Cx
C*
Cx
C*
Cx
Cx*
C*
Cx*
Cx
C»
C»
Cx
C*
Cx
(of 3
C*
Cx*
C*
C»
C*
C*
C*
C*
C*
%
Cx
Cx*
C»
Cs
Cx*
Cx*x
Cx
C»
C*
Cx»
Cx
C»
C*x
Cx
Cx
Cx
Cs*
Cx
Cx
C*
C*
C»*
C»

PURPOSE

CHAXS =« MAIN PROGRAM

CALCULATION OF SUME STATISTICAL PARAMETERS OF THE
BACKSCATTER FROM A "RANDYM™ CHAFF CLOUD, THE AVERAGE
VALUES AND VARIANCES OF THETA=THETAs THETA=PHI. AND
PHl1=FPHI POLARIZATIONS ARE OBTAINED, AN AVERAGE AND
VARIANCE FOR LINEAR=SAME SENSE LINFAR POLARIZATION

ARt ALSO ESTIMATED,.

PROBABILITY

INPUT (QATA

NSETS

N
TL

STUXeSTDYSTODZ

CF

| 4

L2NPHI

ANGMIN 4 ANGMAX

OTHER PARAMFTERS

Dol
XeVo2
CACBCG

IXeJ

AVIT«AVTPsAVPP

AV1l

VARTT+VARTP
VARPP+VARL1

THREE POINTS ON THE CUMULATIVE

CURVE ARE BLSO CALCULATED,

THE NUMBER OF DATA SETS (CLOUDS) TO BE
RUNe

THE NUMBER OF OIPOLES IN THE CLOUD

THE LENGTH OF THE OIPOLES IN WAVELENGTHS
STANDARU DEVIATIONS OF THE OIPOLE
COORDINATES ALUNG THE THREE PRINCIPAL
AXES TN WAVELENGTHS

A SCALING FACTUR fFOR THE COUPLING

BETWEEN DIPOLESE yUSUALLY SE” EQUAL TO 1.0

A STARTING NUMBER FOR THE RANDOM
NUMBER GENERATORS USEpD TO SET UP THE
CLOUDSe THIS ALLOWS A GIVEN "RANDOM®
CLOUD TO BE REGENERATED AT ANY TIME,
LOG BASE 2 OF THE NUMBER OF "LOOK
ANGLES" TO BE USED.

RANGE OVER WHICH THESE LOOK ANGLES
WILL RE SPACEDY USUALLY 0,0+360,0

COMPLEX ARRAYS CONTAINING THE COUPLING
MATRIX IN SPARSE MATRIX FORM

ARRAYS CONTAINING THE COORDINATES OF
THt CFNTERS OF THE OIPOLES

ARRAYS CONTAINING THE DIRECTION COSINES
OF THF UIPOLE ORIENTATIONS

POINTER ARRAYS FOR THE SPARSE MATRIX
CALCULATED AVERAGE BACKSCATTER FOR
YHETA=THETAs THETA=PHIy PHI=PHI, AND
LINLAR=SAME SENSE LINCAR POLARIZATIONS
CA: CULATED VARIANCES ABOUT THE ABOVE
AVERAGES

PARBMETERS IN /SORT/ ARE USED BY THE REOROERING ROULTINES

REMARKS

DATA 1S ONLY CALCULATED IN THE THETA EQUALS 90 DEGREES

[ X BF BE N N WY BF R NN BE NP NN BE BE NE OB NN B BE NE BE JE BE BE BE B SR N BE B NE BE NE R SR B BE BE BE B BE BE BE R N 2R b IR
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Nl Fr PlLucbe THE UPPER TPIAMCLE OF THE *aTRIX € IS STOREL QY *
R e HOws I SPAKDE mATRIIX FORM, SFF SUNROUTINLS tXFAmMD, ORPDEMe *
54 ra CRPSGTY R OSPERTE FOR GETALLS ON ThIs SToORAGE YOIE, .
S4 ra *
HYo f#*i0§*t'.ktl*l*t0t‘?"*'t"ittt‘tﬁt#litt't'thkt'i‘#‘.t"&tt'tt'ttt“**

56 InCLubE FE bl 1by

57 CUMPLLY L (eI Yol e 1) ETTII201) o PPIFUL )Y «CARZMNISIZ201 )0l d

Sb AR ALTO X (AN e Y (200 e2( 20 V) aCA201 ) ol (201)4CGI201)TIT(200)eJd()

59 LAY eFHe LI L) eSSl (len) :

el CAMENSTOL 1T LAY 0T ()

ol CUt 40 R gSUK g PR /EFZ 04 o x oY a2 oAl LUl edo /800 1700RULLK(201) 00

Ge et (Ul Vel k(2010 TUCELEL) o MIMUFF (201 ) 0 I TALZNYL)

6> A FuReannl Ly ] b)) CraxOus
Aol cntl FERR(L)

($35) W FURMATLTRIL D) CHAXOUUS
(RN A S E AR S R AV R A R N R A E R R A P AR R A NS SR A ISR ENE RS R RS2 R RS 2 A 24 2 J

o] e : ]

68w READ L b ol DATE Ay IMPTIALEZLZE PBRAME TERS 4

GY e x

TU ra bt 404252082 v dt 0 dr ¥t bt v PPt ¢ 433 et dF IS4kttt ET kN EarERAETEIR&

hA! [N VIVA I ST P Cwio0uu?
7 - TR S RPN { CrHEXJUUD
74 THZLeel 81t s CHACHUUS
IR e hDEef) b 18 CHAXZUAC
TH NpAD(DeA ) CHEXOQLLZ
Tw FeADChesd T CHAXUULS
17 He=TL/2,0

ris ALSHLZWOU

79 Ha=P1xTL CRAXOULLY
au ARSHA/ZICL .0 CHAXQULS
rl e AU e ) S Te Yy THHY s 51020 0F

ae NI TECEeLG) e TL e STOXeSTOY G LTN2 o F

83 L FORMATHEA =g IS b LENGTHZ oF 10,5300 HOCITING: STAVDAKD OEVIAYINNSE

fu elP3E LS U/ GIAPLOURLING FARPTUR=e15E)

BN ClitXu=TpsS iy

Ke SIYK=TraLlt Yy

o7 CINZK= 1P &SIy

fie e Au(one20) 14

Ay 2n F'U"M»’A'(II)

90 PEADES 27 LePi )« ANGMING ANGMAX

91 Qe FORMAT(Ine2V 10 ,6)

92 ANGDIF =ALMAX=ANGMTN

94 MpHlzekeL ehPhl

9u NENZARGDEF Z(FLOAY VPRI )

a5 ITEL S e ) ! PHY AL IPHIWAPGM TN s ANGMAY

a6 2t FORMAT (23t UMPFR OF LUOK ANRLESS o 15e4Hz28%412413H  ANGLE RANGEeF6H

97 Zol'dﬂ - sFtelz/)

aL Catl OGITAL(eaTTeCC) CHAXOULNT
CA RSN NS P R L R R s RN Y R A N R T P XS PSS 2T Y Y
1Ju *
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r* CALCULATE SELF IMPEUANCE AND SET THRESHOLND FUR MUTUALS *
re *
CRERE I AN RR VRN R T AN TE BV I RICN NI RIS R R R AR VNP TR RS e N RIS A RIS R AR SRR R S K
CARSZIN (AL et a0 oML o ML)
THRSHO=CAQS(CAN)I*D )
CuK=COS(hK) CHAX00u4D
SL¥ESSIt () CnAX0U46
Hy BU NSLTZ1WMRETS
Ix=12
WRITE (Gl ) 1N
. FURMAT (32 UKANDOM GENERATUR TMLITIALIZED ATe11577)
QUGEL)I=00 )
DSIGSU 0L FLCAT L W)
ny 239 NSipsielnu
Pt QUHSlL)=C b
26 CHG(STR41)I=SIRIMCIGI+HI STL
FReQE10l U, L
AR ETRAE PS4 LA AR A2 A AR R R R 22 R AN P N T AR N YRR PR 2222223222
e »
(gh ] SEV Ut CLOLN tSFUEEATE XeYeloel AsCBOCE) *
c» b
(‘#ttvtO.ttttt*t“ttitt“Ol'*tttt't'**“lt‘t'itvtt'l’t#‘tl't'ttl’i“t'tt‘#.
P AN I=1leh CHAADUZ6
Call GAUDS(IXeCTlinrmat i (I))
CALL GAUSS (X STUEYR O UoY(]))
Call OGAUSSITIXeSTUAR LM 2(1))
Cabl KANLUCLIXoTYe2]))
I1x=1Y
PrI=TFeA) CHAXOOSY
CAll RANMUUCLY 8 TYeAD)
IX=1Y
CuSTH=Z2 U= U CHAX00SB
CINTHSSORT( Lo 0=COURTHICOSTH) CHAAOUOTY
r (LYSSINTE*CORIFHT) CHAXUUSY
Co(IESInTre s TuPR]) CHAXQUOY
A re(l)=C0o5TH CHAaX0USY
rg 406 Isiaenn CHAXOOW2
G [ (1)=CAA
AL IR A2 a L s L Y T P Y 21 Y R 22 2 R I I I I
Cw -
() SET Ur I0ITIAL vALUES FUR PUINTER ARRAYS ntiD PARAMETEFS «
C* NEENEU $0R THE REURPERING »
C» L
COHLUP I o BRI AR PR RN P E T SR EAN S IR AR R A AR B E R T O L AN IR RV RN KRS AR EB S R RN
T 41 I=doh
TUROER(T)=]
vt (1=l
43 1'UMOFF (T)=zv
1C=1
T1(1)=1




-
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o

154
155
1s6
157
158
159
16V
161
162
163
le4
lé6d
166
167
led
169
170
171
174
173
174
175
176
177
178
179
180
lal
182
183
184
185
186
187
188
189
190
191
192
195
194
195
196
197
198
199
200

NMl=ZNe]l
Dy 45 I=1.NM)
Iplzl+l
N0 43 JC=IF1 4N
CALL ZGAUS(X(I)oY(I)eZ (1) eX(JC)aY(JUC)eZ(UC)eCA(L)eCB(I)sCG(I)eCA(Y
20)eCBIJC) ¢CHLUC) 9 ZIJres TTHCC)
IF(CABS(LIJU)«LTeTHRSHD)IGO TO 43
J(IC)=JdC
1CsIC+1
NUMOFF (I )=NUMOFF(I)+1
MUMOFF (JC)Y=MUMNOFF (JC ) +1
43 CONTINUE
4s 11(I+1)=1C
I1F(ICGTa1SU0)WRITE(DOW46)IC |
4 FORMAT(SYHOARRAY U OVERRUN DURLING INITIALIZATION/1X4154,15H CELLS R ’
2F QUIRED)
caLL EXPAND(IIJeN) ;
CRERRRREEERE AN R KRR REREARR R E SRR R TR A EER RN ERN RN KRR AR SRS S

o .
C* GENERATE POINTER ARRAYS FOR THE REORDERED SYSTEM t
Cx .
ct*****t#ttt*t#ttttt#t*t#*t*#*t**t**t*#t*tt*tttt#***#tl#t#*ttt#t“t“‘.t

CALL ORDER(IIedoeN)
CRERRRERREERRBI KRR EREEEFFRRREAR KRR RFAES KRR R AR R AR KRB A EER LR R ER A S S SRR R R

Cx ®
(of 3 CALCULATE MUTUAL IMPEDANCES AND STYORE IN D AND U L

Cx s
I I I T T T T P TP TR TP AR S SRR AL DL AL R L

e 49 I=1,nM1
JFST=I1I(1)
JLST=II(I+1)-1
ISUB=IOROER(I)
IF(JFST6T,JULST)IGD TO 49
No 47 JC=JUFST JLST
JuC=Jd(JC)
JSUB=IO0ORUER (JJC)

47 CALL ZGAUS(X(ISUB) ¢ Y(TISUP)9Z(ISUE) o X(JSUR) +Y(JSUB)Z(JSUB) +CA(ISUB
2)4CBISUR) ¢CG(TSUR) ¢CA(JUSUB) «CB(USUB) ¢CG(JUSUR) 4U(JC)16¢TTHCC)

49 CONTINUE

3331323312323 22 323 2232322331 223223222 3222223322 2222 il ild,

C» .
Cx GENERATL "SQUARE KOOT" METHUD AUXILIARY MATRIX OF C *
(8 ®

C#t*t****t**#*t***t#*t*ttttt*t*tt*tt#***#*tt*#*#tt*ti*tt#tt#*##t*#tt‘t*‘§
CALL SPSUT1(DesUsIIeJeN) :
I I TIST 2232332 82220222 2223332 2233233232222 sttt it ddd sl b

Cx ‘f
C» ACCUNULATE SUMS FUR AVERARES AND VARIANCES .
C * .

CREXF AR RANER R RT RPN ER R KRR TR ERR KRR A AR LR KRR R R SRR EOOES

1 I!F




201
20
203
204
209
206
207
208
209
210
211
212
213
214
215
21&
217
£18
219
224
221
222
223
224
2295
226
227
228
229
23U
231
232
233
234
235
236
237
238
239
24U
241
242
245
244
245
248
2u7
248
249
250

PH=0,0

CpPH=1.0

SPH=0,0

AyTT=0,40

AVTP=0.0

AVPP=0,0

VARTT=0,0

VARTP=0,4,U

VARPP=0,U

DD 66 NPH=1NPHI

CALL FPT(CPHsSPHe0,0+ECTTECTPECPP+I0RDER)
AVTT=AVTL4ECTT
AVTP=AVTP+ECTP
AVPP=AVPFH+ECPHP
VARTT=VARTT+ECTT=»ECTT
VARTP=VAKRTP+ECTPX%ECTPF
VARPP=VARPP+ECPPRECPP

1
Crebadr R EEERA KRR AR KT KSR TR KRR R TR R A E KRR RN RGN E KK
C* .
C= CONSTRUC! HISTOGRAM OF THE BACKSCATTER FOR THE CUMULATIVE E
C=* DISTRAIBUTION CALCULATIUN <
C* : =
ok o ROk oo ok oK K o K R R K K R R I K o o R R ok R R

nO 50 NSIG=l.1n1
TEMP=SIGINSIG)
IF(ECTT=TEMP)E0e¢50+¢50
50 CUNTINUE
G0 TO 62
6) FREQ(NSIG)=FREQ(NSIG)+1,0
B2 CUNTINUE
Ny 63 NSIG=1l.101
TEMP=SIGINSIG)
IF(ECPP=T1EMP)64¢63463
63 CONTINUE
GO TO 65
b4 FREQ(NSIG)=FREQ(NSIG)+1,0
65 CONTINUE
PH=PH+NPH
PHR=PH%DK
CPH=COS(PHR)
Bs SPH=SIN(PHR)
CHEEr e RRAR R KRR RN R TR E AR R AR AR A E R TR N KR KRR R R E RN

C» »
C= CALCULATE BACKSCATTER AVERAGES AND VARIANCES *
c* *
CHEFRAERTREXIERR AR ERA KRR ER R AR AR KRR AR KRR R AR RRB AR RS R RS ERR R

MPH2=2%NPH ]

AV11=AVTT+AVPP
VAR11=(VARTT+VARPP=AV11%AV11/FLOAT(NPH2) ) /FLOAT (NPH2w1 )
AVI1=AV11/FLOAT (NPH2)

250




2sl VARTTZAVARTlap\V IV . AVIT/FLUOATINPHY )ZFLUAT (HPH=Y)
257 LYTISAVIL/ZFLOL T NP )
255 VARTPAVAR IV =AVTPA AVIP/FLOATINPK) )ZFLOAT (iPH el )
254 AyTYPSAVTFZELOAT (NP
| g 259 VARPP=(VAFFP=AVPP 3 VPP /FLOATINPHY ) /FLUAT (iiPHe])
i cho AVPPZAVPE/FLOAT (NPH)
25?7 FREVIL)SHELO(IV/FLOAT(MPHID) /20y
? L ¢t U Vx=EF A1)
P A N R A R R A R I Y N R R Y Y N P L A RN P R R R S R 22 12812322131
: 2 2HU (* *
. cbl r* CALCULATE TuUREE POINTS ON ThE CUMULATIVE ((ISTRYIRUTION CURYE -
# § - 2he s *
4 CON COFrra s PR AF TN SN F A VIR N CR MBI A AT PRy BN E S P A S e A SR AT TR RN RN ENRD R
264 ryg T0 NSiuvsealrt
205 FREW(MSTUYSFRE O(NSIG) /FLOAT(MNPHL ) /2.0
Znt ErzFX+FRL L (:516G)
<t TFAFY alEeP o 2)STL20S8E0 (NS LG)
26 Tr(FY el olo®)STIGEOSSIGINSYY
ln TR FaeLF s ISTGHLUZSTHIME 20
27y Tv b 3{iSIv)=FX
P At CRITE LG 2LV EVTT o VART I g AVT o VAR P g AVPP o VARPP o nV1I14VARL1,51520+510650
27/- z'by\;")l' ’
75 T FORMATIENDAVITZ el P00 U046 o Tht VARIT= gk 15ebBont AUTPZELD,8,7h VARTPSWE
T4 21SeB/70H AV = F UGE g TH VARPP=e15,84hn [ ULllz,F15,8¢7H VASL1lzZ,[10,8
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